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BBenenue

Pa3pa0oTka u coBEepIIEHCTBOBAaHUE TEXHOJOIMYECKHX IPOLEC-
coB (hOPMOM3MEHEHHUS] MAaTEPHAJIOB Ha 0a3e TEOPETUUECKUX HCCIENo-
BaHUH C WCIHOJB30BAHMEM MAaTEeMaTHUCCKUX MoJenel sBisercs 3¢-
(EeKTHBHBIM IIyTEM Pa3BUTHUS IIPOU3BOACTBA. PaciinpeHHoe nmpuMeHe-
HHE MaTeMaTHYECKUX MOJEJIEH MpH aHaJu3€ MPOLIECCOB OIpEneNseT-
Cs1 IIOJTHOTOM ONMMCAHMA MpoLEcca U TOCTOBEPHOCTHIO HH(OPMALIUU O
HEM, HCIIOJIb3yeMOU B Ka4eCTBE MCXOMHBIX AaHHBIX. [y 3TOrO HEOO-
XOAMMO HCIIOJIb30BAHUE COBPEMEHHBIX METOAUK OOpabOTKU JaHHBIX,
ONTHMH3ALUHN XapaKTEPUCTUK MAaTEpUalioB U M3MEJUH, a Takxke mapa-
METPOB TEXHOJOTUU U 000PYIOBaHHUSL.

MogenupoBaHye MPOLECCOB MO3BOJISIET IPOBECTH aHAIHU3 TOTO,
KaK yCTPOEH HCCIeNyeMblii 0OBEKT, OCHOBHBIE €TO CBOICTBA, 3aKOHBI
pasBUTHS Ipoliecca M ONPEACIUTh ONTUMANIBHBIE CIIOCOOBI YIIpaBie-
HUS [IPOLIECCOM IPU 3aJaHHBIX LEJSIX U KPUTEPHSX €r0 HCIIOJHEHUS.

Teopusi mpenenbHOro COCTOSHUS M TEOPHUsS XPYHKUX TPELIUH
COCTaBJISIFOT OCHOBY COBPEMEHHON MEXaHHMKH pa3pylICHHsA. DTO Ma-
TEMaTU4eCKU 3aBEpLICHHBIC TEOPUH, HA OCHOBE KOTOPBIX OBLIO pele-
HO MHOTO Npo0JieM OO0JIBIIOro MPaKTHYECKOTO 3HAUYEHHUs. DTU TEOPHUU
AT WICAJTM3UPOBAHHOE OINHCAHHWE CBOWCTB BS3KOTO M XPYIKOTO
paspymieHus (IUIACTUYHOCTH U XPYIKOCTH), KOTOpbIe B pa3HON Mepe
MIPUCYIIN BCEM TBEPABIM TEJIaM.

[Ipu neficTBHM BHEUIHMX CHJI MaTepuaj KOHCTPYKIMH MOXKET
HaXOJWTHCA B Pa3IMYHBIX MEXaHMYECKUX cOCTOsHUAX. [Ipu HeBbICO-
KHAX YPOBHSIX HaINpsDKEHHW Matepuai npeObIBaeT B YIPYrOM COCTOSI-
Hun. [Ipn 3HAYNTENHHBIX HANPSDKEHUSX B MaTtepuaine o0HapyKHUBAKOT-
Csl 3aMETHBIE OCTaTOYHBIE JIeOpMaliK, OH MEPEXOUT B ILIACTHYE-
CKO€ COCTOSHME. 3aTeM, NMpW JaJbHEUIIeM YBETUYCHHH BHEUTHUX
CHJI, TIPOUCXOIUT O0pa30oBaHME MECTHBIX TPEUIMH M HACTYMAeT €ro
paspylIeHue.

MexaHU4YecKOe COCTOSHHE MarTepuaja B TOYKE 3aBHCHUT B
MIEPBYIO OYepeab OT HAPSHKEHHOTO COCTOSTHUS B Hell. C 1enpio orpe-
JICJIEHNs] TIPOYHOCTH MAaTepUaNOB BBOJIUTCS TIOHATHE «IIPEAETbHOE
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HaIPSDKEHHOE COCTOsHME». [l IIAaCTUYHOIO MaTepHala Ipelesb-
HBIM OOBIYHO CUMTAETCS] HANPSHKCHHOE COCTOSHHE, KOTOPOE COOTBET-
CTBYET BO3SHMKHOBEHHIO 3aMETHBIX OCTaTOUHBIX AedopManuid, a s
XPYIKOI'0 — TaKO€, IIPU KOTOPOM HAYMHAETCS PA3pyLICHUE MaTepuaa.

Teopus npenenbHbIX COCTOSHUN CBSA3aHA C U3YYEHUEM CBOWCTB
MaTepuana. OHa ycTaHaBIMBAE€T 3aBHCHMOCTb MEXIYy IpENEIoM Te-
KY4YE€CTH U HANPSIKEHUSMH, BO3SHUKAIOIIVMY B METaJLIE, IIPU €ro Iuia-
CTHYECKOH nedopManuu. DTy TEOPHIO MOXKHO PacCMaTpHBaTh Kak
IIPEACIBHBIE CIIyYad COOTBETCTBYIOIUX TEOPHU HICAIBHON YIIPYyro-
IJIACTUYECKOU Cpelibl, B YPABHEHUIX KOTOPBIX OIYCKAIOTCS YJIEHBI C
yIpYyroi KOMIOHEHTOH AedopMaluu.



1. OCHOBHBIE NIOHATHS U OITPEAEJEHUS

1.1. ITousATUSA MaTepHATbHOI TOYKH, a0COTIOTHO TBEPAOro TeJa,
CILUIOLHOM Cpebl

Brimenum B Tele HEKOTOPHI HEOTpaHWYCHHBIH 00BEM IIpo-
cTpaHCTBa — A, COCTOSIINM W3 3HAYUTENbHOTO umcia dacTui] — C.
BeimenuM B 00beMe IPOCTPAaHCTBA OECKOHEYHO Maiblii 00beM dV,
HaJeleHHBII 0eCKOHEYHO MajIoi Maccoi dm. DToT 00beM Ha3LIBAETCS
guszuueckon wvacmuyen (puc. 1.1) [1, 2,5, 6, 9, 14, 16, 17].

Z A C Z

dv 1
dz
- A,
J» X d.‘ X
¥V Z dx, '
a o

Puc. 1.1. CxeMmsr:
a — HeOTpaHUUYEHHOTO 00beMa MPOCTPaHCTBA A
0 — BBIIETIEHHOW MaTepraibHON Touku C

OTOT OGECKOHEYHO Malblii 00beM MaTepHajJbHON TOYKH JIOCTa-
TOYHO OOJIBIIOM, JIJIsl TOTO YTOOBI B HEM MOYKHO OBLIO BBIJCIIUTH IMPS-
MOYTOJIbHBII Napajuienenure]] co cropoHamu dx, dy, dz.

beckoHeyHO Maiblil mapaienenues, pasMepbl KOTOpOro oec-
KOHEYHO MaJibl, 110 CPAaBHEHHUIO C pa3MepaMH paccMarpuBaeMon (u-
3MYECKON YaCTHUIbI, HA3BIBACTCS MAMEPUATbHOL MOYKOIL.

Ecnu B COCTOSIHMM IOKOSI WM PABHOBECHUSI CBOMCTBA JAHHOM
MaTepHaTbHON TOYKH COBIQIAIOT CO CBOMCTBAMH BBIICICHHOTO O0B-
eMa TpocTpancTBa A U cBoiicTBamMu (u3uueckoit yactuis dV, To Ta-
KOE TEJIO HA3BIBACTCS AOCONIOMHO MEEPObIM 0OHOPOOHBIM HEIOM.
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Mogens peanpHOTo 1eOpMUPYEMOTO TeNa, KOTOpasi COXpaHseT
OCHOBHBIE €r0 CBOMCTBA, KPOME aTOMAapHOI'O CTPOEHHS, MHKpPO- U
MaKpOCTPYKTYPBbI, Ha3bIBAETCA CHAOUIHOU CPEOOIl.

1.2. TunoTe3pl CNJIOUIHOCTH, OTHOPOTHOCTH U H30TPONHU
aegopMupyeMoro MaTepuasa

Tunomesa cnaowHocmu 3aKTIOYAETCS B TOM, YTO CIUIONTHAS
cpela COCTOUT U3 HEPa3phIBHOW CUCTEMBI MaTepUaTbHBIX TOYEK, 3a-
MOJTHSIONINX HEKOTOPhI 00BEM MPOCTPAHCTBA, CBSI3aHHBIX CHUIIAMU
B3aMMOICWCTBUS WIIA TIOJYNHEHHBIX TEOMETPHUECKUM CBSI35IM.

T'unomesza 00nopoOHocmu TOBOPUT O TOM, UYTO BCE BBOAUMBIC
BEITUYMHBI ¥ TIOHSITHSI TIPEACTABISIOTCS KaK CPEIHUE JIJISl BCETO BhIJIC-
JIEHHOTO 00beMa, a cama CIUIONIHAS Cpefia MPEICTABIACTCS OJHOPOI-
HOH CIUIOIIHOW Cpenoi.

Martepuall Ha3bIBACTCS U3OMPONHBIM, ECIIU €TO CBOMCTBA OJH-
HaKOBBI BO BCEX HAIPaBJICHUSX, €CJIHM )K€ CBOMCTBA MaTepuaja 3aBH-
CAT OT HamNpaBlieHUS WCIBITAHWSA, TO TaKOH Marepwan Ha3bIBaeTCs
AHU3OMPONHBIM.

MexaHnuecKue CBOWCTBA MENKO3EPHUCTBIX W3IEIIUM, HECMOTPSI
Ha aHU30TPOIHIO CBOKCTB B OT/IENILHBIX 3€PHAX, PAMEPHO OJMHAKOBHI B
Pa3NMYHBIX HAINPABICHUAX (CTATHYECKH YCPEIHEHBI), TI03TOMY TaKHe
TeNla Ha3bIBAIOTCA Keasuuzomponnvimu. Ha OCHOBaHMM 3TOTO B WHXKe-
HEPHOM MEXaHWKE TBEPIIOTO TeNa W MaTeMaTHYECKOM MOJIETUPOBAHUN
Hpe/Ie/IbHBIX COCTOSIHMI TBEpAOro Teia (MpU pelieHHH TEXHOJIOTHYe-
CKHMX 3aja4) MPUHUMAETCS TUMOTe3a 00 M30TPONHH aehopMUpyeMOro
Marepuana — «Matepuan Ha JIOOOM YPOBHE pa3Mepa dIIEMEHTapHOTO
o0beMa 00I1a1aeT M30TPOITHBIMU MEXaHHYECKUMHE CBOHCTBAMIDY.

1.3. IlonsiTHe CWJIbI, BHEIIHNE U BHYTPEHHHE CHJIBI,
HaNpsiKeHHe

Cuna — BenmnumHa BekTOpHasd. Cuia CYHTAETCs TOIHOCTHIO
ONpEeNIETICHHOM, €CIU 3aJlaH €€ MOJYJb U COOTBETCTBYIOIIHNM €l Bek-
TOp. CUJIBL SABJISIOTCS MEPUIOM MEXAHUUYECKOI0 B3aUMOACHCTBUS TEL.
Ecnm KOHCTpYKIIUS paccMaTpHUBAECTCS U30JIMPOBAHO OT OKPYXKAIOITUX
TeJ, TO JACHCTBUE MOCICAHUX HAa HEE 3aMEHSETCS CUJIaMHU, KOTOpbIE
Ha3bIBAIOTCS] GHEUIHUMU.



ITo cnocoOy MpuIoKEHUsT BHEITHHUE CHIIBI JACIATCS HA 00BEM-
HBIC U TIOBEPXHOCTHBIE.

Oo6vemnble cunvl pactipeie]iCHbI 10 BCeMy 00beMy paccMaTpH-
BaEMOI0 TeJla U MPUIOKEHBI K KaXI0H ero yactuile. K HUM OTHOCAT-
cs1 COOCTBEHHBIN BEC COOPYKEHUS, MATHUTHOE TIPUTSKCHUE WU CHIIBI
uHepuuu. Enuauiei nsMepeHnss 00beMHBIX CHII SIBISETCS CUjla, OTHE-
CeHHas K equHHuIe 00bema — kKH/ME.

Iloeepxnocmmple cunbl TPUIOKEHBI K yYaCTKaM MMOBEPXHOCTH —
P1.. Py 1 SBISIOTCS PE3yJIBTaTOM HEMOCPECTBEHHOTO KOHTAKTHOT'O
B3aMMOJICHCTBUS PAaCCMAaTPUBACMOI0 OOBEKTAa C OKPYKAIOUIUMH Te-
namu (puc. 1.2, a). B 3aBUCMOCTH OT COOTHOIICHHUS TUTOMIAIN TIPH-
JIOXKEHUS HArpy3Ku W OOIICH IUIOIaAM MOBEPXHOCTHU paccMaTpHUBac-
MOTO TeJia, MOBEPXHOCTHBIE CHJIBI MOMAPA3CISIIOTCS Ha COCPEHOTO-
YEHHBIC U pacTpe/CICHHBIC.

B3aumoneiicTBue MEXly 4acTIMU PacCMaTpUBAEMOIO Teja Xa-
paKkTepu3yeTcss BHYTPEHHUMHU CHJIaMH. BeTW4uHBI BHYTPEHHUX CHII
OIPENENATC ¢ IPUMEHEHHEM MeToa cedeHuil. Ecnu pacceus Tesno
MHUMOM TUIOCKOCTBIO A, TO CHUJIBI PEAKIIMA OTOPOIICHHOW YacTH, KO-
TOpBIE YIEPKUBAIOT B PAaBHOBECHUU KXY YacTh B OTACIBHOCTH,
Ha3BIBAIOT éHympennumu cunamu P4 (puc. 1.2, 6).

a /P e
=3 —L _l_ n-1/ 4 )
Y 7 — 4 S
( / 7 RS N
No — { // __/_// N
\p L —— n
0
” f =
S _i p nf 7 )
/ ] e A - /
Y — A0 N\ /‘
& - _‘~-\>__ : /_14 --‘__ T - -:7:__-"
l 4 s '“*1‘L e Pn
(B)  (B)

Puc. 1.2. Cxemsbl pacrpeiesieHus BHEIIHUX U BHYTPEHHUX CUJI



Bennunna BHYTpEHHEH CHIIBI, OTHECEHHAS K €IMHHIE TUIOIIA-
M, Ha3bIBACTCS UHMEHCUBHOCHbIO GHYMPEHHUX CUJl UAU HANPA-
JHceHuem.

Ecnu mromnmaika npUIoKeHuss BHYTPEHHUX CHJI Majia Mo CpaB-
HEHHUIO ¢ Pa3HOCTSMH TeNa, TO PACHPEICICHHYIO HarPY3Ky § MOKHO
3aMEHUTh CHCTEMOW CHJI, € CTATHYECKH SKBHBAJICHTHOW — TIABHBIM
BEKTOPOM CHIIbI P (COCPENOTOUEHHOH CHIIbI) M TJIABHBIM MOMEHTOM
M, urto 3anumiercs B Buze (npunyun Cen-Benana):

P=[[q-dF,
AR (1.1
M = [[(r-q)dF,
AF
rae I — paanyc-BeKTop, MPUBEIECHHBIA U3 LEHTpa MPUBEACHUS CUII Ha
wiomanke AF 1o Texymieit cuisl g.
Ilpunyun nanpsasncenun Kowu. PaccMOTpUM MPOU3BOJIBHYIO
TouKy M Ha MIOCKOCTH CeUeHHs W Malylo miomaaky AF okono 3toit
touku (puc. 1.3).

Puc. 1.3. Cxema npuHIuna Hanpspxenns Komm



[NomoxxeHne IIIOMAAKKU OMNPEACISSTCS CIUHUYHBIM BEKTOPOM
HopManu 7. Cuiibl, J€HCTBYIOIME HA IUIOMIAIKE, 3aMEHMM TIIABHBIM
BEKTOPOM CHIIBI — P 1 raBHBIM MoMmeHTOM — M (mpuunun Ces-
Benana). Ecimu mmomanka AF — 0, To

——-—_-5, (1.2)
¥-0AF  dF
e S,, — BEKTOp HaIIPsDKEHHS,
jim AM _AM _ M., (1.3)
%0 AF  dF

rie M,, — BeKTOp MOMEHTA HaNpsKEHHiA.

Wupexkc N TOBOPUT O TOM, YTO OpHEHTanws ruiomaaku AF 3a-
JaeTCs €MHUYHBIM BEKTOPOM HOPMAJIH 1.

UYepes Touky M nedhopMupyeMoro Teixa MOXKHO IPOBECTH Oec-
KOHEYHOE MHOKECTBO CEYEHUM. B Ka)kKIoM TakOM ceueHuu NeHCTBYET
CBOIf BekTOp HanpsvkeHns S. ClieoBaTeNbHO, BHYTPH Tena AeiCTByeT
0ECKOHEYHOE MHOXKECTBO HANpPSDKEHUH C pa3IWYHbIMU HalpaBICHUS-
mu. Torzna B Touke M cylecTByeT BeKTOpPHAs (yHKIMS S OT BEKTOP-
HOTO apryMeHTa 7t

S =B(r,n), (1.4)
rie S — BEKTOp HaNpsKEeHHs B Cpejie, KOTOphiil sBnsercs GyHKIueit
TOYKH U OPUEHTALMM TUIONIAJIKH; 7 — PaJryC-BEKTOP TOUKH; 1 — OpT
HopMaiu N K Tiomaake.

HampskeHHOE COCTOSIHAE B TOYKE CUMTAETCS] U3BECTHBIM, €CITU
M3BECTHO HANpsDKEHHWE Ha JIIO0OHM IUIOIaAKe, HpOXoJsmeil yepes
JTAaHHYIO TOUKY — npuHyun nanpaxycenus Kowu.

1.4. lepopmanmu, BuabI 1eopmanuii

Hegpopmayusa — cMenieHne 9acTe WM MaTepUaIbHBIX YaCTHIL
Tena, IPU KOTOPOM U3MEHSIOTCS B3aUMHbBIE PACCTOSHUSA MEXKTy HUMU,
HO HE HapyIIaeTCs HEMPEPbIBHOCTH CAMOI0 Teja.



KomnyecTBeHHO nedopManuio MOXHO OICHUTH uepe3 abco-
JIIOTHYIO WM Yepe3 OTHOCUTEIBHYIO Je(OpPMAIIHIO.
Abconromnasn deghpopmayus onpenenasieTcsi COOTHOIICHUEM:

AL = Ly — Lo, (1.5)

rae Ly — koHeuHsIl pa3mep tena; L,— HadanpHBINA pa3Mep Tena.
Omnocumenvuyro dehopmayuro MOXHO ONIPETICITUTh OJTHAM U3
CIIeTyFOIINX CITIOCOOOB!
— 1o nokazamento Kowu

g=—_ =2 (1.6)

d=In—=. 1.7)

MOoOHO TakKe BBIICIUTH CICAYIOLINE BUABI e opMaIyi.

Koneunasn oeghpopmayun — nepopmanus teia B LIEJIOM, TO €CTh
NepeMeIeHns] TOYEeK Tella, XapakTepru3yeMoe MOJHBIM BEKTOPOM Iie-
peMenieHusI.

Manvie oepopmayuu (o maibie dTanHbie nedopMaIim ) —
negopMany MaTepHalbHBIX YacTHLl, TJle MaTepHaibHas YacTHLA —
NPSMOYTOJILHBIN Napajuienienumne]] ¢ 0eCKOHEYHO MaJIBIMH CTOPOHAMU
dx, dy u dz, mapamienbHBIMH KOOpPAWHATHBIM OcsiM (cM. puc. 1.1).
Taxoke nedopmanusi Ha3pIBAETCSl MAJIOH, €CIIM €€ KBaApaTaMH U Ipo-
M3BEACHUSIMHA MOYHO peHeOpeyb.

OtHocuTenbHas aeopManus Tela MOXKET XapaKTepH30BaThCs
VIUTMHEHUSIMU JTHHEWHBIX DJIEMEHTOB € U MX MOBOPOTOM OTHOCHTEIh-
HO HaYaJIbHOT'O TIOJIOXKEHHS .

Taxke MOXHO OTMETHUThH CIEAYIOIIME BHIBI OTHOCHTEIBHBIX
JuHeHHbIX Aedopmanuid. Eciau npu gedopmanmu aguHa pedpa die-
MEHTapHOTO TapaJilelienuIe/la YBEIMIUBAETCS, TO JeQopMamus Mo-
JIOKHUTEIbHA W Ha3bIBACTCA OMHOCUMENbHBIM YOIUHEHUEM, CCIIH
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yMEHbIIAaeTcs, TO AedopMalsl OTpULaTeNbHAs U Ha3bIBACTCS OMHO-
cumensuvim ykopouenuem. OO003HauaroTcsd Takue aedopmanuu
OyKBOii € (&, &, €) U HA3BIBAIOTCS OMHOCUMENbHOU NTUHEUHOU Oe-
dopmauueil.

Omnocumenvhvie couzu XapakTEpU3yHOTCsS YIJIOM IIOBOPOTa
JIMHEMHOT0 3JIEMEHTA, OTHOCUTEIBHO CBOEr0 HauyalbHOI'O MOJIOKEHHUS.
B pesynbTare 3TOr0 NMEepBOHaYaIbHO MPSMOYTOJBHBIN Mapalljiesenu-
e/l IpeBpamaeTcs B KOCOyroibHbIH. O003HAYAIOTCS CABUTH OYKBOM
Y (Yxys Yyz» Yox). TlepBblit HHAEKC B 0003HAYCHHUU CIIBHTa OMPEICIIACT
HayaJbHOE TOJIOKEHUE JMHEHHOIO 3JIEMEHTa, BTOPOW — B CTOPOHY
KaKOM KOOpPAMHATHOW OCH NPOU30LIEN MOBOPOT. Bropoe Ha3zBaHue
OTHOCUTENILHOT'O CIBUTA — OMHOCUIMENAbHAA Y27108a5 0ehopmanus.
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2. MATEMATHYECKOE MOJEJINPOBAHUE
SKCHEPUMEHTAJIBHBIX KPUBBIX ITPEJEJIBHBIX
COCTOSHUM TBEPJIOTO TEJIA

2.1. IluarpaMmma pacTszKeHUsI MaTepHuasia

OCHOBHBIMM MEXaHMYECKUMH CBOMCTBAMM SBJISIOTCS IpOY-
HOCTb, YNPYIOCTb, BSI3KOCTb, TBEPAOCTb. 3Has MEXaHHUECKUE CBOM-
CTBa, KOHCTPYKTOP BBIOMpPAET COOTBETCTBYIOIIMIA MaTepwal, obecre-
YUBAIOIIUK HAJEXKHOCTh U JIOJITOBEYHOCTh KOHCTPYKIMH MIPHU UX MHU-
HUMaJIBHOM Macce. MexaHN4ecKre CBOMCTBA OMPEACIAIOT MOBEACHHE
MaTepuaia npu AedopManuu U pa3pylIeHHUH OT JEHCTBHS BHELIHHX
Harpysok [2, 4, 6, 9, 10, 11, 13, 15-17].

B 3aBHCHMOCTH OT yCIIOBUN Harpy>XKeHUs MEXaHHUYECKHE CBOM-
CTBa MOTYT OIPENENIAThCA IPH:

— CTaTHYECKOM Harpy>KeHHH — Harpy3ka Ha oOpasel Bo3pacTaeT
MEJIEHHO U IUIaBHO.

— IMHAMMYECKOM HarpykKeHHHM — Harpys3ka BO3pacTaeT ¢ OoIb-
IO CKOPOCTBIO, UMEET YAApHBIM XapaKTep.

— MOBTOPHOM, NMEPEMEHHOM WM LUKIMYECKOM HArpyKEHUH —
Harpyska B IpOLEcCe UCTBITAHNS MHOTOKPaTHO N3MEHSETCS 110 BEJH-
YUHE WM 110 BETMYMHE U HAIIPABIICHUIO.

st monmy4eHusi CONOCTaBUMBIX Pe3yJIbTaTOB O0pa3Lbl U Me-
TOJAUKA NPOBEJCHNUS MEXAaHWYECKUX HCIBITAHUH pEeriiaMeHTHpPOBa-
Hpl ['OCTamu. Ilpu crarmdyeckoM HCHBITAHUM Ha pacTsSHKEHUE
no I['OCT 1497-84 mnony4aioT XapakTEpUCTUKH NPOYHOCTH
1 IUTACTUYHOCTH.

Ilpounocms — criocOOHOCTH MaTepualia COMPOTHUBISATHCS -
bopManusaM 1 pazpyrIeHHIO.

Ilhacmuunocms — COCOOHOCTh MaTepualia K IJIACTUYECKOU
JneGopMaIim, To eCTh ClTOCOOHOCTh TOIYyYaTh OCTATOYHOE N3MEHEHHE
¢dbopmbl 1 pazMepoB 0e3 HapyIICHHUS CIUIOIIHOCTH.

MexaHnyecKue WCTBITAHHUS IS OMPEAENCHUS XapaKTePUCTHK
MPOYHOCTH Y TUIACTHYHOCTH MPOBOJATCS Ha CIIEIHATBHBIX MalllWHAX,
KOTOpBIE 3aIIMCBIBAIOT AUArpaMMy pPacTsDKEHUS, BBIPAKAIOLIYIO 3aBH-
CHMOCTh JICHCTBYIOMIICH Harpy3ku P or ymiuHenus obpasua Al, To
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ects P = f(Al) (puc. 2.1). Onnako 1yis MOMyYeHHs TAHHBIX [0 MeXa-
HUYECKAM CBOWCTBAM 3Ty 3aBUCHMOCTH I€PECTPAMBAIOT B 3aBHCH-
MOCTb HAINPSHKEHUS 6 OT OTHOCUTENIBHOTO yuTuHeHHs Al.

< 5 / C e
< k | pre—
i /
1 ar:y
L4 d__ Vi /
| | II
af— | . 5 o
i ) Il as
o~ 3 /11
of| af| & )| /
s |
a hal it /I
. R | ! ! 2 | § al, um 3 1 al,
a al ocm al yn 7]
al noan [ | AII’-“.‘ 2
e == ol T

Puc. 2.1. [Inarpamma pacTspKeHUsL:
a — o0IIni BUIT; 6 — yIaCTOK THArpaMMBl pacTsDKEHUS,
OTIpEeACTSIONINN YCIOBHBIN Mpe/e TeKy4ecTH

2.2. XapaKkTepuCTHKH AUATPAMMBI HATIPSIKEHU T

[Ipoananmupyem MpoIeCChl, KOTOPHIE MPOUCXOIST B MaTepHaie
o0pasiia mpy yBeNMYeHNH Harpy3kd. YdacTok «0a» Ha muarpaMMe cooT-
BETCTBYET YIPYToi JieopMariii MaTepuaia, KOria CoO0IaeTCs 3aK0H
I'yka. HanpspkeHue, COOTBETCTBYIOIEE YIIPYTrod MpeebHON edopMa-
IIUH B TOUKE d, HA3bIBACTCS HPEOe10M HPOROPUHOHATLHOCHIU.

Ipemen MpOMOPIMOHAIBHOCTH (Omy) — MAKCHMAaJIbHOE HArpsi-
>KEHHE, 0 KOTOPOTO COXPaHSAETCS JIMHEHHASI 3aBUCUMOCTh MEXY Jie-
dopmanmell 1 HampspKeHHEM. PaccuuTarth €ero MOXKHO CIEIYHOIUM
obpazoM:

O =21, 2.1)
FO
rae Py, — CWIa, COOTBETCTBYIONIAS MOMEHTY OKOHYAHUSI COXPaHEHUS
JUHEWHON 3aBHCUMOCTA MEXAY JedopMaleil U HanpsKEHHEM;
Fo — HauanpHas miomaae oopasia.

13



[Ipu HanpspKEHUSX BBIIIE IpeAea MPONOPLUOHAIBHOCTH MPO-
MCXOIUT paBHOMEpHas IUiacTuueckas nedopmanus (yIIHMHEHHE WA
cyxeHue cedeHusi). [Ipu 3ToM KaXIOMy HaIIPSKCHHIO COOTBETCTBYET
OCTaTOYHOE YJUIMHEHHE, KOTOPOE TOIy4aeM IMPOBEACHHEM U3 COOT-
BETCTBYIOIEH TOUKM OUarpaMMbl PACTSDKEHMS JIMHUM MapaniienbHOR
munnn «Oa», HanpuMep, U3 Touku «C» (cM. puc. 2.1, 6).

Tak Kak MPaKTUYECKH HEBO3MOXKHO YCTAHOBHUTH TOUKY IIEPEXO-
Ja B HEYNPYroe COCTOSHHE, TO YCTAHABIUBAIOT YC/108HblI npede
ynpyzocmu — MakcUMallbHOE HaNpsDKEHHUE, 10 KOTOporo odpaser mo-
Jy4aeT TOJBKO ympyrywoo aedopmanuioo. B 3tom ciyuyae cumTaror
HanpspDKeHUe, MPH KOTOPOM oOcTaTo4Has AedopManms odeHb Maia
(0,005...0,05).

B 00o3HaueHnn yCIOBHOTO TpeJienia yNPYroCTH YKa3bIBaeTCs
3HaueHue octaroynoi gepopmarmu (0,05). Paccuntath ero MOKHO
CIIEIYFOIIUM 00Pa30M:

=005 2.2)

rae Poos — ciila, COOTBETCTBYIOIIAsE MOMEHTY, IPH KOTOPOM OCTaTO4-
Has nedopmanus oueHs mana (0,005...0,05).

Ilpeoen mexyuecmu — XapakTepusyeT COIPOTURIICHUE MaTepPH-
aja HeOONBIIUM IUIACTHYECKUM JedopMmaliusiM. B 3aBucHMMOCTH OT
NPUPOJBI MaTepHaia UCMONB3YIOT (HU3UUCCKUI WM YCIOBHBIN Tpe-
JIeJT TEKYUYECTH.

Qu3suueckuii npeden mexkyuecmu (G;) — 3TO HANPSUKCHUE, TIPH
KOTOPOM MPOHMCXOAMUT YBENWYeHUE jedopMalMd MpH MOCTOSHHON
Harpyske (HaJHMYHe TOPHU3OHTAILHOM TuTOmanku «cd» Ha auarpamMme
pactsokenus (puc. 2.1, a). OH uCmoaB3yeTcs TS OYEHb MIACTHYHBIX
MaTepUaioB U UMEET BUI:

6, =—, (2.3)

rac P - cujia, COOTBCTCTBYIOLIAsA MOMCHTY, IPU KOTOPOM IIPOUCXO-
AUT YBCIIMUCHUC ,I[e(i)OpMaI_II/II/I npu IIOCTOSIHHOH Harpyske.
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Ho ocHoBHas yacTh METAJIOB U CIUTABOB HE MMEET TUTOMIAIKU
TeKkydecTd. B aTOM ciydae ompenenseTcs yCJIOBHBINA Mpeaen TeKyde-
ctu. Ycnosuwlii npeden mexkyuecmu (Go2) — 3T0 HANPSHKECHHUE, BbI3bI-
Barollee ocTatouHyto aedopmanuto & = 0,2 %. UmeeT Bu:

Cpp = % \ (2.4)
0
riae Po2 — cuia, BeI3bIBarOIIas ocTaTouHyto nedopmarmio 6 = 0,2 %.

DU3NYECKUI WIH YCIOBHBIN NIPEIEN TEKYUYECTH SIBIISIETCS BayKHOU
pacyeTHOM XapakTepUCTUKaMU Marepuaia. JIeHCTByrolUe B JAETalld
HAIPSHKSHUS JOIDKHBI OBITH BBIIIE JAHHOTO MTPeeia TeKyYeCTH.

PaBHOMepHas 10 BceMy 00beMy IIacTUUHas aedopManus Ipo-
JOJDKAETCS 10 3HAYSHUS IIpejiena MpoYHoCcTH. B Touke «B» B Hanbo-
nee cmaboM MecTe HadWHAeT OOpa3OBBIBATHCS MIEWKa — CHIIBHOE
MECTHOE yTOMJICHHE 00pasiia.

Ilpeoen npounocmu (6,) — HaNpsHKEHHE, COOTBETCTBYIOIIEE
MaKCHMAaJIbHOHN Harpy3ke, KOTOPYIO BBIACPKHBAET 00paser 10 paspy-
1ieHus (BpeMEeHHOE CONPOTUBIIEHHUE Pa3pPhIBY):

6, =-=%, (2.5)

rae P, — cruita B MOMEHT Havajia oOpa30BaHMs [MISHKH.

OO6pa3oBanue MIEHKH XapaKTepHO IS IUIACTHYHBIX MaTepua-
JIOB, KOTOPBHIE UMEIOT JUarpaMMy PacTsDKEHHsS ¢ Makcumymom. llpe-
JIeJl IPOYHOCTH XapaKTepPU3yeT NMPOYHOCTh KaK CONPOTHBIICHHE 3Ha-
YUTEIBHOW PAaBHOMEPHOHN TIACTUYHON AeopMaiuu. 3a TOUKOW «B»
BCJICJICTBHE Pa3BUTHS IICHKU HArpy3Ka majaaeT, U B Touke «K» mpowuc-
XOIHT pa3pylICHHE.

Hcmunnoe conpomuenenue paspyuieHul0 — 3T0 MaKCUMallb-
HOE HaIlpsDKEHHE, KOTOPOE BBIIEPKUBAET MaTepral B MOMEHT, Ipea-
IIECTBYIOLIMH paspylieHuto obpasua (puc. 2.2). Ero MoxHO ompene-
JIUTH IO clieAytomen hopmye:

Py Py
O = F_K, Sk = F_Ky (26)

rae Pq« — cuna, COOTBETCTBYIOIIAasi MOMEHTY paspylleHus o0pasua;
F« — KoHeYHas oAb MOMEPEYHOr0 CEYeHUs 00pasia.

15



Og

W

Puc. 2.2. [InarpamMmMa HanpspKeHHH:
1 — yCIIOBHBIX HAIPSOKEHUH; 2 — HCTHHHBIX HAIPSHKCHUI

HcTrHHOE CONMpPOTHBIICHUE Pa3pyIICHUIO 3HAYUTENIHLHO OOJIbIIIe
npezena MpPOYHOCTH, TaK KaK OHO ONpEnessieTcss OTHOCHUTEIBHO KO-
HEYHOW TIUJIOIIaf¥ TIONEepeYHoro cedeHus: obpasua. HMcmunnvie
Hanpaxycenus ©s OTIPENIEISIOT KaK OTHOLIEHHE HArpy3KH K IUIOLIaan
MIOTIEPEYHOr0 CEUEHHsI B JaHHBIII MOMEHT BPEMEHHU:

oy = -~ 2.7

rae Pe — cuiia, COOTBETCTBYIOIIAs TEKYIIEMY MOMEHTY BPEMCHH;
F« — muorma b, COOTBETCTBYIOIIAS TEKYIIIEMY MOMEHTY BPEMEHHU.

IIpu ucHbITaHUM Ha PACTSHKEHHUE ONPENENSIFOTCS U XapaKTepH-
CTHKH TUIACTUYHOCTH. ITO CBOWCTBO TBEPIBIX TEJ HMCIOJB3YIOT MPH
00paboTKe MarepuasaoB JaBiIeHHEM. XapaKTePUCTHKAMH TLJIaCTHYHO-
CTU SABJISAIOTCH .

— omuocumenvnoe yonunenue (0)

IK — IO AIO(:T
o= -100% = —>*-100%, (2.8)
lo Iy
rae lo u |« — HadanbHast ¥ KoHe4Has jMHa 00pasna; Alyer — abcomoT-
HOE Y/UIMHEHHE 00pasiia, OnpesessieTcss n3MepeHrneM oopasiia mocie
pasphiBa;
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— omHuocumenvhoe cyycenue ()

w:%-m%, (2.9)

0
rae Fo — HaganbpHas IUIOIAAb MONEPEYHOro cedeHus, F« — miomanp
MIOTIEPEYHOT0 CEYEHMsI B LIIEHKe MOcIe pa3phiBa.

OTHOCHTENBEHOE CyXKeHHe 0ojiee TOYHO XapaKTepu3yeT Iuia-
CTUYHOCTD M CIYXHUT TE€XHOJOTHMUECKON XapaKTEPUCTHKOU IpH (op-
MOH3MEHEHNHU TBepAbIX Tell. IlmactudHble MaTepuansl Oonee Halex-
HBI B paboTe, Tak Kak JJisi HUX MEHbIIIE BEPOSITHOCTh OMACHOTO XPYTI-
KOT'O pa3pyueHHs.

2.3. Uneanu3anusi MeXaHN4eCKUX CBOMCTB aedopMupyeMoi cpeabl

s 3amucu ypaBHEHUH COCTOSIHUS HEOOXOIUMO HICATH3HPO-
BaTh MEXaHUYECKHE CBONCTBA JePOPMUPYEMOIl Cpellbl TAKUM 00pa3oMm,
YTOOBI yUeCTh XapaKTepHBIEC W TIaBHBIE CTOPOHBI TIOBEJCHUS TBEPIOTO
Tena B mpotecce AedopMaiuu. B 3Tom cirydae HCIONb3YIOT psill peosio-
THYECKUX MOJICNeH HIealTbHBIX CPeJl, PUBEICHHBIX HHXKE.

Hoeanvno ynpyeas cpeoa. Mopenb Tako cpeapl MaTeMaThde-
CKH MOKHO OTIHICATh BHIPAKECHHUEM:

or=E ¢, (2.10)
rlie G — CONPOTUBIIEHUE METaJIa IJIACTHYECKOMY JIe(hOpMUPOBAHUIO
MIpH JIMHEHHOM HANpPSHKEHHOM COCTOSHHUH; E — MOJIyJb YNPYroCTH
nepBoro pona (Momyns HOHra); & — OTHOCHTENbHAs JIMHEHHas me-
dopmarus.

NneanbHo yripyrasi cpeia XxapakTepu3yeTcs JIMHEWHOW 3aBUCH-
MOCTBIO MEXNy Oy H & (puc 2.3). [Ipu sTtom mpornecc aedopmanuu
SIBIIIETCS OOpaTUMBIM, NUCCUMANHSA SHEPTHH, TO €CTh NMPEBPAIICHUE
MEXaHHMUYECKOH pabOTHl B TEIIOBYIO DHEPTHIO M €€ paccerBaHUe, HE
npoucxoaut. CBA3b MEXAY Oy U € — NOJYMHEHA 3aKOHY | 'yKa.
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Ox ‘

P

Eyx
Puc. 2.3. UneanbHo ynpyras cpena (cpena ['yka)

Hoeanvhas orcecmronnacmuveckas cpeoa. s Momenmu Takoi
Cpenbl B HaYaJIbHBI MOMEHT OTCYTCTBYET yrpyras aedopmarms. Mare-
pran BemeT ceds, Kak adCOIIIOTHO TBEPAOE HE CKIMAEMOE Telo J0 TeX
Top, TIOKa HampsDKEHUS He JTOCTHTHYT 3HA4YeHHs (PU3UUECKOTO IIpesena
TeKy4ecTH (6r) (puc. 2.4). YpaBHEHHE KECTKOIIIACTHIECKON CPe/Tbl NMe-
€T BUJI;

Ox = Oy (2.11)

CrnenoBareslbHO, MOXHO CKa3aTb, YTO CONPOTHBIICHHE Teja
TUTACTHYECKOMY J1e(hOpMHUPOBaHUIO (Gy) HE 3aBUCUT OT JeOpMAIlHH.
OTO0 BO3MOXXHO Npu OOJBIIMX IUIACTUYECKUX AedopManusax, Korua
ynpyruMu edopManusiMi MOKHO IPeHEOpeyb.

G, “

Puc. 2.4. neanbHas )KeCTKOTUIACTHYECKAS cpeia
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Hoeanvras ynpyeo nnacmuyeckas cpeda. YpaBHEHHE, OIHUCHI-
Balolllee WACANBHYIO YIPYro IUIACTUYECKYI0 Cpely, MOMKET OBITh
MPEJICTABIICHO B CICAYIONIEM BUJIC:

ox=E g +on (2.12)

B sToM ciydae TBepoe Teso (Marepra) aegopMupyeTcs Heoo-
paTUMO MPH HEKOTOPOM HEM3MEHHOM 3HAUCHWH HANpSHKCHHS Oy, PaB-
HOM (hU3HYECKOMY Mpeeny TekydectH (6y). [lnactudeckoit neopma-
MU TIPEIIIECTBYET ynpyras aedopmanus (M0 3aKOHY HACaTbHO YIIpy-
roii cpexabl). ['paduueckn moBenenne Takod cpeabl MPEeACTaBICHO Ha
puc. 2.5. IIpu pa3BUTHIX IIACTHYECKUX NeOPMALUAX B 3TOM CIydae
MOKHO TIpeHeOpeyb YIpyroi cocTaBisiionied aedopmanuy i MeTa-
JIOB, KOTOPBIE UMEIOT SIPKO BBIPAXKEHHYIO INIOIIAAKY TEKYYECTH.

A

L

Or b

t ot

€ o
Puc. 2.5. UneanbHas ynpyro riacTuueckas cpeaa

Hecorcumaemasn ynpounsowas cpeoa. Heobpatnmsle nedopma-
I[IMH HACTYTAIOT TOJIBKO B TOT MOMEHT, KOT/la HHTEHCHBHOCTh HOpMaJIb-
HBIX HANpsDKCHHUH (6i) WIM MaKCHUMAaJbHbIC KacaTebHbIC HAIPSOKCHHS
(Tmax) mocTUTHET 3HAYCHHsT (HU3UUECKOTO Mpesena TeKydecTu (puc. 2.6).
Jltst pasButus neopManii HEOOXOAMMO, YTOOBI HAINPSDKEHHE B IPO-
recce ieopMarny IIOCTOSIHHO yBEIINUMBAIOCh. Y PaBHEHHUE JUISl HECHKHU-

MaeMOM YIPOYHSIOIICHCS CPE/Ibl BBITIIAMT CIICAYIOIIUM 00pa3oM:
ox = 0r+3E1- &, (2.13)
_ 1 an -~ . " 1 oy
rne == — MOJyJIb HEJIMHEWMHOro ynpouHeHud; Ef == -—% —
3 Ogy 3 &y

MOAYJIb JIMHEHHOT O YIIPOYHCHHA.
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3aBUCHMOCTh 3TOTO HANPSHDKCHHUS OT CTENeHW edopMariiy,
ompenersttomiasics mo ¢opmyne (2.13), Ha3pIBaeTCS YCIOBHEM YIIPOYHE-
HUsL. B yacTHOM ciyvae, [Tl JIMHEHHO YIPOYHSIOLIECKCS Cpepl, B ypaB-
nenne (2.13) BvMecto E; HyKHO mojcTaBisath E; (MOIyNb JTHHEHHOTO
ynpounenusi) (puc. 2.6).

Ox

Oy

Ex

Puc. 2.6. Hecxxumaemast yrpodHsIrOIas cpesa:
1 — HeNMMHEHHO YIPOYHSIOIIASICS CPe/a;
2 — IMHEIHO YIPOYHSIOIIAsICS cpe/a

Hoeanvho 6a3xas cpeda. B manHOM citydae Teno aegopMupy-
eTcs npu JI'o00M 3HaYeHnH HarpspkeHus (puc. 2.7). Jepopmanms He-
oOpaTuMa, HE COMNPOBOXKIACTCS HM3MEHEHHEM o0beMa. YpaBHEHHE,
OITUCBIBAIOIIEE TAKYIO CPEy, ClIeAyIomIee:

O = Wb (2.14)
rzie 1 — KodQOHUIMEHT BA3KOCTH CPEIBL; £, — CKOPOCTH AehOPMAIIHH.

Oy k

€y

Puc. 2.7. UneanbHo Bsi3Kas cpeaa
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JuarpamMma wuaeanbHO BSI3KOW cpelibl, B OTIHWYHE OT BCEX
NPEIBIAYIINX, CTPOUTCS B KOOPJMHATAX. HAMpPSHKCHUE (6y), CKOPOCTh

nedopMaIuu £y .
2.4. YpaBHeHHUsI U PeoJoruiecKne Mo/J1eIu CJI0KHbIX Cpe/l

CBOICTBa CIIOKHBIX CPEJl, MPUBEIACHHBIX HIKE, H300paKArOTCs
MHOT'02JIEMEHTHBIMU PEOJIOTHYSCKUMH MOJICIISIMH, KOTOPBIE COCTOSIT
U3 MPOCTHIX AJICMEHTOB, OMKMCHIBAIOIINX T€ MM UHBIC CBOMCTBA Cpel
[P [TOMOIIIX TPOCTEHIITNX MEXaHUIECKHX aHAJIOTOB.

Hoeanvro ynpyeas cpeoa (cpeda I'yka). Takas cpema uzobpa-
JKaeTcss B BUJE MPYKHHBI, KOTOpast 00JalaeT OMpeaeIeHHBIM MOJIY-
aem pactsokerns K (puc. 2.8).

IIpu npunoxeHUH Harpy3Ku NpyKUHA U3MEHSET JUIMHY Ha Be-
JHYHUHY Oy, TPOTMIOPIIHOHATBHYIO BEJTHYMHE SUCTBUS yeuus P:

o, =K;-P, (2.15)
rae K1=é — KO3(QGHUUMEHT HPOMOPLIHOHATIBHOCTH; Oy — OTHOCH-

TCIbHOC YIJIIMHECHUE.

Puc. 2.8. UneansHo ynpyras cpeaa (cpeaa ['yka)

OTHOCHTEINIbHYIO JIMHEHHYIO Je(pOPMALMIO JaHHOW MPYKHHbI
MOKHO OTIPE/IEIIUTH TaK:
1
&y = E Oy
rae & — OTHOCHTENbHAs JIMHEWHas ne(opMaliis; Gy — HalpsKEHHEe
TIPY JIMHEHHOM PACTSHKEHHH.

(2.16)
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Cpeoa, obnadarowasn esaskumu ceovicmeamu (cpeda Hviomona).
JanHas cpena m300paxkaeTcss B BHIC COCY/a, 3aIllOJIHCHHOTO BSI3KOM
JKUJIKOCTBIO, B KOTOPO# MmepeMernaercs nopiieHs (puc. 2.9).

BO3AYX

" AIROCTE

5

Puc. 2.9. Cpena, obnanaromnias BI3KUMH cBoiicTBamu (cpena HproToHa)

JKunkocTb BeITEKaeT 4depes 3a30p MEXIy LMJIMHIPOM MU HOPII-
HEeM. YpaBHEHHUE IS ONPENeNICHUs] CKOPOCTU TEePEMEIIECHUs! TOPIIHS
OTHOCHUTEJFHO IMJIMHAPA MOXKHO 3aICaTh B BUJIE!

%: K,-P,, (2.17)

_1
rae K, —3—H, KO3 GUITMEHT TIPOIOPIIMOHAIBHOCTH.

Vpasuenwe (2.17) MOKHO 3aIiucaTh Tak)Ke B BUE:

R 1
& = 370 (2.18)

riae £, — CKOpocTh JehopMaliui;
WJIN CIICTYIOIINM 00pa3oMm:

Gt _ 1
ot _3|,t'GX' (2.19)
®opmynel (2.17), (2.18) u (2.19) sBNAIOTCS MaTeMaTHUECKUMHU
aHAJIOTaAMH.
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Ynpyeosaskaa cpeoa (cpeda Maxceenna). Ecnn coenwHATH
YIPYTUH U BA3KUH 3JIEMEHT TOCIEIOBATEIBHO, TO U3MEHEHHUS PacCTO-
SIHUSL & MEXTy TOYKAMH MPUIOKEHUS] CHJ P MOXKHO ONpeieiuTh Mo
hopmye (puc. 2.10):

5= 8y + 8, (2.20)

rae Oy — YIUIMHEHUE TPYKUHBI; Oy — IepeMeIleHne TOPIIHS OTHOCH-
TEIBHO LWIUHIPA.

P - - P
= T

Puc. 2.10. Yupyross3kas cpena (cpena MakcBesuia)

IMonyyenHoe yparenue (2.20) npoauddepeHmpyem 1mo BpeMeHH:
d5_ 9o,  do,
dt dt dt’

B ypaBuenue (2.21) BMecTO &y MOACTaBUM €ro 3HAYCHHE W3

(2.21)

ds,
ypasHenus (2.15), a BMecTo m MOJICTABMM €r0 3HAYCHUE M3 YPaB-

Henust (2.17), BCiieICTBHE YETo MOy IHM:

ds dP
EzKl.d_tuKz.PB, (2.22)

Janee Bbipa3suM ypaBHeHue (2.22) cieayronmm 00pa3om:
ds de dP, _ ds
dt  dt' dt dt’

1 1

Ki=K,=—= K=K, =—.
1 y E 2 i M

P=o,
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Torpa mosydynM ypaBHEHHE Tena MakcBeiuia Ijsl ynpyroBs3-

KOM cpeJibl:
de_1do 1 (2.23)
dd Edt p

[annHast ynmpyroBsizkasi cpefa CBOMCTBEHHa CMOJHMCTBIM Marte-
pHuanaM, KOTOpbI€ MPOSBISIIOT MIHOBEHHYIO YHpyrocTs. OIHAKO mpH
HEOOMBIINX HANPSOKEHUAX OHHU JIeGopMHPYIOTCSA (TEKyT) MOI00HO
BA3KUM JKHJKOCTSM.

Teepoosazkas cpeda (cpeda Kenveuna — Dotiema). CoenuHuM
YOPYTMH U BA3KHMM 3JIEMEHT, NapajuleibHO MOJYYUM TBEPIAOBSIZKYIO
cpeny (cpena Kenpuna — @oiirta). OHa UCTIOIB3YETCS JIJISI H3YUCHHUS
3aTyXaHUs BOJIH B 3¢MHOM KOPE H SIBIIICTCS MOJENBIO YIPYTOrO MaTe-
puana ¢ SYEUCTOM CTPYKTYpPOM, HAlOJHEHHOrO BS3KOW KUIKOCTBIO
(npo6ka, pe3una) (puc. 2.11).

OmnpenenuM CyMMapHYH CHITy, AEHCTBYIOIIYIO B 3TOM cCllydae
(puc. 2.11):

P=Py+Ps (2.24)
[MoncraBuB ux 3HaueHus u3 ypaBaenuii (2.15) u (2.17), momyuum:
6y 1 d3
P=_Yt4 .8 2.25
KK, dy (229

P

Puc. 2.11. Trepaos3skas cpena (cpena KensBuna — @oiirra)
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[Mepenuiem ypaBuenue (2.25), packpbiB ko3hdunuentsr K1, K>
U BbIpa3uB P u § uepes o, €, MOIyUnM:
de
c=E-e+p' 2. 2.26
Kt (2.26)
JlanHOe ypaBHEHHE Ha3bIBACTCs ypaBHEHHEM Tena KenbBuHa —
®doiirra.

2.5. AnnpokcuManus 3KCepUMEeHTAIbLHBIX KPUBBIX

ATnmnpokcuMaIus — 3T0 Ipolece moa00pa 3KCIePHUMEHTATBHBIX
byukuumit f(X) mis ycraHOBICHHS U3 OMbBITa (IKCIIEpUMEHTa) (DYHKITH-
OHaIbHOIT 3aBUcUMOCTH Y = f(X).

Oyukuus  f(X) — 3T0 onTUManbHOE YpaBHEHHE, KOTOpPOE
HAaWITy4YIIUM 00pa30oM ONHCHIBAET ITOBEJCHUE UCCIIEAYEMOT0 OOBEKTa.

Tunvt annpoxcumayuil OanHwIX. ATIIPOKCUMAIIAS MOXKET OBITh;

— JIMHEWHAas,

- JorapupMuIecKas;

— MOJMHOMUAJIbHAS,

— CTeleHHas,

— 9KCIOHEHI[HAIbHAS;

— nUHEeiHas QuibTpanms u T

B anexrponnbix Tabnunax Excel ncrnonb3yercs mectsh pasinnd-
HBIX BHJIOB JIMHUH TpeH/1a (anmpOKCUMHUPYIOIIUX KPUBBIX):

1. JluneiiHasi anmpoOKCHMAIIMS — 3TO HpsAMas JIMHHS, HAWITyd-
UM 00pa3oM oIChIBaoIas Habop AaHHbIX (puc. 2.12, a). YpaBHe-
HUE IIPSIMOIA:

y = ax+b, (2.27)
rJle @ — TAHTeHC yrjla HakJIoHa; D — To4ka mepeceueHus MpsIMOi
cochio Y.

2. Jlorapudmudeckas anmpoKCHUMAIHsl XOPOIIO ONUCHIBAET KaK
HOJIOKUTEINbHBIC, TAK U OTPHUIIATEIIbHBIC BEIMUUHBI, KOTOPHIC BHAYAIIE
OBICTPO PACTYT WJIM YOBIBAIOT, @ 3aTEM NOCTEIIEHHO CTAOMITU3HPYIOTCS
(puc. 2.12, 6). YpaBHEeHHE JaHHO# KPUBOIA:

y = cIn(x)+b, (2.28)
rie a u b — KOHCTaHTHI.
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Puc. 2.12. Konduryparys BUIOB JIHHUHA TPeHAA
B AJIEKTPOHHBIX Tabnuuax Excel:
a — IMHeWHas; 6 — morapudMuvecKas; 6 — OJTMHOMHUAIIbHAS;
2 — CTelleHHas1; 0 — DKCIIOHSHIIUAJIbHA; € — JIMHEeWHast PHIbTpanus

3. [lonuHomMuanbpHas aNIpPOKCUMALMS HCHOJB3YETCs ISl BeJIH-

YHH, MMOMEPEMEHHO BO3pacTaloNMX W yObiBatommx (puc. 2.12, 8).

CreneHb MOJIMHOMA OTIPEEINSeTCS KOIMIECTBOM IKCTPEMYMOB (Mak-

CHUMaJIbHbIE U MUHHMaJbHbIe 3HaueHus). [lommHOM BTOpOH cTeneHn

OTMCHIBAET OJIMH MaKCUMyM U OJIMH MHUHUMYM, TIOJIMHOM TpeTel cTe-

MICHH OINHMCHIBAET OJIMH WM JBa MaKCUMyMa WM MHHUMyMa H T.II.
VYpaBHEHHE JaHHON KPHUBOML:

Yy = a+ciXit it . (2.29)

4. CreneHHasi anmpoKCUMAaIUsl JaeT XOPOIIUe Pe3ybTaThl, ec-

T 3aBHCUMOCTbD, KOTOpasi COACPKUTCS B IKCIIEPHUMEHTAIBHBIX JIaH-

HBIX, XapaKTepU3yeTcsl MOCTOSHHOW CKOPOCTBIO pOCTa, HampHuMep,

ycKkopeHne aBToMoomis (puc. 2.12, 2). Ecnu ecTb HyJIeBbIe WK OTPU-

HaTebHbIC 3HAYCHHS, TO JIaHHAs alMpPOKCUMAIUsl HE HCIONB3YeTCs.

VYpaBHEHNE TaHHOW KPUBOM:
y =ax". (2.30)
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5. DKCTIOHEHIMaNbHAS aNMPOKCUMALUS TIPUMEHSETCS B TOM
cllydae, Korjia CKOpOCTh M3MEHEHHS TaHHBIX HETIPEPhIBHO BO3pAcTaeT
(puc. 2.12, 0). Ins taHHBIX, UMEIOIINX HYJIEBbIC WIIM OTPULIATEIBHBIC
3HAUCHHMS, ITOT CIOCOO aNnmpoKCHMalWk HE NPUMEHHM. YpaBHEHHE
JTaHHOU KPUBOM:

y = ae™, (2.31)

6. JluneitHas GUIBTPALIUS MM CKOJB3SIIEE CPEAHEE TO3BOJISCT
CriaguTh KojeOaHMs JaHHBIX W OoJiee HArISTHO MOKa3aTh XapakTep
3aBUCHUMOCTH.

Annpoxcumayus kpugeix ynpounenus. JIns onucaHus npuonu-
JKEHHBIX 3aBHCHMOCTEH, YUYUTHIBAIOIINX BIMSHHE YINPOYHEHUS, HC-
MOJIB3YIOT Pa3iIMYHBIE THUIBI allpPOKCUMHUPYIOIIUX KpUBBIX. B Kkade-
CTBE MPSIMOM, XapaKTepu3yIollei U3MEHEHHE Gs B 3aBUCHMOCTH OT &,
NPUHUMAIOT KacaTeJIbHYI0, IPOBEACHHYIO KPUBOH YIIPOUYHEHHS B TOY-
Ke, COOTBETCTBYIOILICH OKOHYAHHUIO dTama y/UIMHEHUsI U Hadana oOpa-
30BAHMSI ILIECHKH.

PeanbHble auarpaMMel JeOpMUpPOBaHUS B LENSAX WX YIPOLIe-
HUSI CXEMAaTHU3UPYIOT M ONHUCHIBAIOT C TOMOIIBI0 aHATUTHYECKUX
¢dopmys. OnucaHue AuarpaMMbl AeQOPMHUPOBAHUS CTCIICHHOW 3aBH-
CHUMOCTBIO CTPOHMTCS B KOOpIWHAaTax oi — &. Hambonee wacto nua-
rpammy o; = (&) annpokcumupyroT enuHoi kprBoit. Hanbonee gacto
B 3TOM CJIy4ae UCIIOIb3YeTCs cimenennan 3asucumocms bunvunze-
Pa, KOTopasi UMeeT BUJIL:

oi = Ag¥, (2.32)
rae A — KOHCTaHTa, UMEIOIIasi pa3MEPHOCTh HaNpsDKeHus; K — mokasa-
TEJb CTETICHH.

Jlnst OONBIIMHCTBA MaTEPUAIOB MOKa3aTelb CTeNeHN K M3MeHsI-
ercs B cnenyronmx npenenax: 0 < k < 1. Ilpu k = 1 (puc. 2.13, 6)
ypaBHenue (2.32) mnpencrasnsier 3akoH ['yka (4 = E), ampu K = 0
(cM. puc. 2.13, ) — 3aKOH )KecTKoIactTuyeckoro tena (4 = o7). 910
O3HaYyaeT, 4YTO M3 PELIeHHMs, HAWJCHHOTO Uil KOHCTPYKIHMH U3 MaTe-
pHaia ¢ MpOM3BOJIBHBIM 3HAYCHUEM K, MOKHO aBTOMATHYECKH IOJY-
YUTh (CAETaB OIpEeIeNICHHbIEC MOACTAHOBKU) PEIICHUE ISl JIMHEHHO-
YIPYTo#d U )KECTKOIIACTHUECKONH KOHCTPYKIIMH.
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G; a; G;
L3
Gi= A&
A=0,

g
£ gi=4.-5=F.g

a) 0) 8)
& & & &

Puc. 2.13. Crenennotii 3akon bunsgpunrepa:
a-0<k<l;6-k=1udA=E;6—k=0uAd=or

Ipu tutacTudeckoil aedopMaru mokaszatesst creneHud K> 1,
MoJy4aeM auarpammy, KOTOpas NPHOIMKEHHO OIMCHIBAET KPHBYIO
yrpouHenust (cM. puc. 2.13, @). BBuay cBoeit mpoCTOTHI U XOPOIIETO
COOTBETCTBUSI ONBITHBIM JAaHHBIM JJI IIHPOKOTO Kpyra MaTepualoB
CTETEHHAs 3aBUCHMOCTH SIBJISICTCS HanOoyee MpUEeMIEMON AJsl OIlu-
CaHMs HETMHEWHOTO (IIaCTHYECKOT0) JeOPMUPOBAHHSI.

B mensix pacmmpenus auana3oHa ASHCTBHS CTEIIEHHOTO 3aKOHA
€ro MPUMEHSIOT WHOTJIAa B KOMOMHUPOBAHHOM BHJIE, UCTIONB3YSI KOM-
OMHAIMIO TMHEWHON U CTENIEHHON 3aBUCUMOCTEN:

6i = AigitAoe’. (2.33)

WNuorga momaraiot, uto K = 2 (3asucumocmo ®.H. I'epcm-
Hepa). TlepByto KOHCTaHTy B ypaBHeHHH (2.33) onpenensioT u3 ycio-
Busi A1 = E TakuM 00pa3oMm, 4TOObI MPH MaibiXx jJedopMaiusix u3
ypaBuenus (2.33) mosydascst 3akoH ['yka. J{jist onpeeneHus BTOpoii
KOHCTAHTHI A2 HeOGXO}II/IMO HUMETH COBIMAACHUE ITPEACITIOB ITPOYHOCTHU
OKCTIEPUMEHTATIBHON U anMpOKCUMHUPYIOIIECH KPHUBBIX.

/Jlpoono-nuneiinaa (runepOonudeckas) 3aBUCUMOCTh ObLIa
npemiokena C.I1. Tumorenko (puc. 2.14, a):

€i

Gij

riae a u b — smnupuveckre KoIPPUIHSHTHI.
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G;
g
L a+hg;
&
6‘ ______
os =1/b
’ga=k‘o
a) \ )
&; Py

Puc. 2.14. [lpoOHO-nMHEHHAS 3aBUCHMOCTbD:

: Gi
a — B 0CHIX Gi-€i; 6 — B 0CIX -€j
&

Jnst ompeneneHus] TEOMETPUYECKOTO CMBICTa KO3 (DHUIIMEHTOB

G
a u b runepbonuyeckyro 3aBUCUMOCTh (2.34) CTPOST B OCSIX 8—'— &
i

(cMm. puc 2.14, 6).

W3 maHHO# 3aBUCUMOCTH OTIPEIEIISIFOT:

a:l , b:l ,
Eo Gs

rae Eo — HauanpHBII MOAYIb, COOTBETCTBYIOIINNA OECKOHEYHO MaJlon
nedopmari  (MOAYJIb YIPYrOCTH), Os — IPEICIbHOS 3HAYCHHE
HanpspKeHust (TpesiesT TeKY4eCT! 61 WK MPEees IPOYHOCTH Op).

B 1960 r. B.B. Cokoj0BCKMIA TIPEUIOKUIT CIEAYIONIYI0 3aBU-
CUMOCTb:

I — (2.35)
L+

Tae S u t— K03(1)(1)I/I]_II/ICHTLI, OIIpEACIIACMBIC 1O OIIBITHOM Auarpamme.
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®u3nuecKuil CMBICI OIBITHBIX nmapamMeTpoB JTOH KpHBOfI BbI-
paXXaceTCs B BUJIC:

S_EOl
O
t—EO,

rae Eo — HawanpHBIA MOAYNb, COOTBETCTBYIOMINNA OECKOHEYHO MAIIOH
nedopmanuy; s — IpeneabHoe 3HAUYSHUE HaNPsHKEHUsI, KOTOPOe COOT-
BETCTBYET Mpeeily TEKy4eCTH I MIPEAEITy NPOYHOCTH IIPU CKATHUH.

2.6. I¢pdexT Boymunrepa u neTis ynpyroro rucrepesmuca

IMox »ddextom boymmHrepa moHUMaeTcsl YMEHBIICHHE CO-
MPOTUBIICHUS 3HAKOTIEPEMEHHBIM TUIACTUYECKUM e OpMalUsM, TO
€CTh YMCHBIICHHE CIEAYIOIINX XapaKTEPUCTHUK MIACTHIHOCTH Ma-
TepHalla: Opy, Gy U G IPH U3MEHEHWUW HAIPaBJICHHS JEHCTBUS
Harpysku (puc. 2.15).

G A

2

2

Puc. 2.15. Dddexr boymmnrepa
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[lepBuuHOE miactuueckoe NeOpMHPOBAHHE MaTepuana CHH-
JKaeT ero COMPOTHBICHHE IUIACTUYECKOMY Je(OPMHUPOBAHHIO MPHU
MIOBTOPHOM Harpyske, TO €CTh G:1>Cr2 UMEIOIIEH HallpaBlIeHUE, IPO-
TUBOIIOJIOKHOE TIEpBUUHOMY — 3 dekT boymmarepa. 1o 00bSICHSET-
cs TeM, 4YTO NPH MaJloil MIacTUUecKod aedopMalru pacTsKEeHUs,
3epHa WK AeHOPMHUPYIOTCS YIPYro W IUIACTUYECKU, MM PacTsAruBa-
I0TCS ¥ CKUMAIOTCS.

IIpu mocnenyromeM ckaTUM B NMEPBYIO O4Yepeab MIAaCTUYECKUE
JeopMaiy BO3HUKAIOT B PaHHEE CXKAThIX 3€pPHAX, YTO MPHUBOAMT K
INOHMWKCHHUIO Gr2. AmnHanornynnie PE3YIbTAThI IMOJYYCHBI ITPU HUCIIbITA-
HUSIX HA KPYYECHHE B MIPOTHBOIMOJIOKHBIX HarpaBieHusx. Dpdekr bo-
VIIUHTepa HaOMIOAAETCsl BO BCEX CIydasX M3MEHEHUS 3HaKa HaIlps-
JKeHHUsI (peBepc) Harpy3Ku.

[Tpu pacTspkeHHH 00pas3loB M3 MATKOW CTalH, B TOM Cllydae,
KOI'Jla MHTEHCUBHOCTh HampsbKeHUH (6i) MpeBbIIAaeT CONPOTHUBIICHHE
MaTepuana IUIAaCTHYECKOMY Je(POPMHUPOBAHUIO (6s), MOCIE MOJHOU
pasrpy3kd U MOCTEAYIOIIEM pacTshKEHHH HOBBIM Mpenen TeKydecTd
(o1) cTaHOBUTCS OOJTBILIC TIEPBOHAYAIBHOTO, @ HOBBIN TPEJEN YIIPYro-
CTH (Gy) CTAHOBUTCSI MEHBIIIE IEPBOHAYAILHOTO, HO 3aT€M OH BOCCTa-
HaBJIMBACTCA 10 NEPBOHAYAJIBHOTO 3HAYCHM.

ITpu pasrpy3ke 1 HOBTOPHOM PacTsHKEHUH Ha Juarpamme oopa-
3yercs mers ructepesuca. Ecim obOpasen, pacTsSHYTBHIH 3a mpenel
TEKy4YecTH, BIIOCIECACTBUU CXaTb, TO IUIaCTUYecKas nedopmanusi B
3TOM ciy4ae MOSBUTCS IPH MEHBIIEM 3HAYCHUH HHTEHCHBHOCTH
HanpsDKeHUH (oi), YeM Ipu MEePBUYHOM PaCTSHKEHUH, a Mpeaes yupy-
rocti (6y) B 3TOM Cllydae BIOCICICTBHU YMEHBIIACTCS HEOOPATHMO.

Ecnu mpu ucnibITaHUSIX Ha pacTsDKEHHE pas3rpy3uTh oOpaserl 3a
NpEeAesioM TeKY4eCTH, a 3aTeM Harpy3uTb, TO Ha JuarpaMmme odpasy-
ercs kpuas CC'N merns ynpyroro rucrepesuca (puc. 2.16).

Kpusas pasrpysku CC' u mosroproro Harpyxenus C'N mo-
YTH TapajUielibHa MEPBOHAYAIBHOW JIMHUK YIIPYroro Harpy:KeHUst
OF. Tlpaktudecku 3TO ocTarouHas AedopMmalus &, mocie pa3rpy3Ku.
Jlo Touku N JMHHMIO HOBOTO HATPYXEHHSI MOXHO CUMTATH MIPSMO.
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Puc. 2.16. [leTnia ynpyroro rucrepesuca

[Ipr MOBTOPHOM HarpyxeHuu (Koraa 6y > 6,, ) kpuBas DE sB-
asiercs ipopoinkerreM JmanE OC. YBenumdyeHue 6, 10 HOBOTO 3Haue-
HHSI MECTHOTO TpejieNia TeKy4ecTH (6 ) MOKHO OOBSICHUTh YIIPOUHEe-

HUEM MaTepualia (HaKJIeTIoM).
JIMYMHE JUCCUIIALMKA SHEPTHM, TO €CTh TOH YacTH MEXaHHYECKOM

ITnomanp NeTau ynpyroro rucrepesuca InporopluoHaibHa Be-
SHEPruH, KOTOpasi pacCenBaeTCsl B BUJE TEIUIOTHI LIUKIIA «pa3rpy3Ka —

Harpy3Kkay.
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3. OCHOBbI TEOPUHA HANIPS’)KEHHOTI'O COCTOSIHUS

3.1. KoMnoHeHTbI HANPsIKEeHU
HA IPaHAX 3JIeMEHTAPHOI0 Mapajiiejenumnena

HanpsikeHHBIM COCTOSIHMEM Te€ja B TOUKE HA3bIBAlOT COBOKYII-
HOCTh HOPMAJIbHBIX U KacaTeNbHBIX HAMpPSKCHUH, AEHCTBYIOIINX 10
BCEM ILIOIIAAKaM (CEUCHHSIM), COMEPIKAINM JaHHYIO0 TouKy [1, 2, 4—
7,9, 11, 16, 17].

HccnenoBanne HampspKEHHOTO COCTOSIHUSI AaeT BO3MOXKHOCTB
aHAJTM3UPOBATH MPOYHOCTh MaTepuaa Ul JJI000ro ciydast Harpysxe-
HUS TeJa.

IlycTh B OKPECTHOCTH HCCIEAYEMOM TOUKM IIECTHIO IONAPHO
NapayIeIbHBIMA  IUIOCKOCTSIMHU  BBIJIEJICH 3JIEMEHTAPHBIA  MPSMO-
YrOJIbHBIN Mapauiesenumes ¢ pasmepamu pebdep dx, dy u dz (puc. 3.1).
ITo ero rpansim OynyT AEHCTBOBATH HOPMAIBHBIE G M KacaTeIbHBIC Tij
HaIPSDKCHU.

i

T
; gf?lz
|
Elixpr - - o
ek 0'19 d%‘rvx
Sdx, P

Puc. 3.1. KoMIIOHEHThI HANIPSHKSHHHA
B JICKapTOBOI CUCTEME KOOPIUHAT

O003HaueHNss HOPMAJBHBIX HANpsDKEHUH coJep)KaT OJWH WH-
JIEKC — HAUMEHOBaHMUE OCH, KOTOPOIl NapasiesIbHO aHHOE HaIlpskKe-
HUe. B 0003HaueHWN KacaTelbHBIX HANPSHKEHUH UCIIONB3YIOTCS JIBa
MHJIEKCa: NEPBBIN COBMAJAET C MHAECKCOM HOPMAJIBHOIO HANPSHKEHHUS,
JICHCTBYIOLIEr0 IO JIAHHOM IUIOIIAJIKE, a BTOPOH — HAaMMEHOBAaHHUE
ocH, KOTOPOH NMapajlIesIbHO JaHHOE KacaTelIbHOEe HaIpsKEeHUE.
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KoMIoHEeHTHI HanPSDKEHUH CYNTAIOTCS MOJIOKUTETbHBIMH, €CITH
Ha IUIOLIAJKE, BHEITHSAS HOpMajib K KOTOPOH COBMHAAaeT C IMOJIOXKH-
TEIBHBIM HAINPAaBJICHUEM OCH KOOPAHMHAT, 3TU KOMIIOHEHTBHI TaKXkKe
HaIpaBJIeHB B CTOPOHY MOJIOKUTENBHBIX 0CEH KOOPAWHAT.

Ecnu BHemHss HOpMalb K paccCMaTpyMBaeMOM IUIOIIAIKE COOT-
BETCTBYET OTPULIATEILHOMY HAMPABIECHUIO OCU KOOPAUHAT, TOT/Ia BCE
TMOJIOKUTEIIEHBIC KOMIIOHCHTHI TEH30pa HAINPSIKCHUN JOJDKHBI OBITh
HaIpaBJeHbl Ha 3TOW TUIOMIAJKE B CTOPOHBI OTPHUIIATENFHBIX HAIIPaB-
JIEHUM oceil KOOpIMHAT.

3.2. 3akon MapHOCTH KacaTeJIbHbIX Hal'lpﬂ)ReHI/Iﬁ

3aKOH MapHOCTH KacaTeNbHbIX HAINPSDKEHUH yCTaHABIMBAeT 3a-
BUCUMOCTb MCXKIY BCIMYMHAMU U HAIIPABJICHUAMU Iap KaCaTCIbHBIX
HANpPsHKEHUH, ASUCTBYIOIIUX MO B3aWMHO TEPHCHIUKYISPHBIM ILI0-
IaJJKaM SJIEMEHTAPHOT0 apaliesenuIe/ia.

PaccMOTpUM 3lIeMEHTApHBIN Tapaiienaenunen pasmMepos dx, dy,
dz (puc. 3.2). 3anuiieM ypaBHEHHE PABHOBECHS Mapauiesenuieia B
BUJIC CYMMBl MOMEHTOB OTHOCHUTENIHHO OCH Y, TPOXOJAINEH uepe3
TOUKy P, momyunm:

(T + 8;;1 dZ)dXdy%-f- Txdedy%—szdde%— o
P dx _ |
(tox + x dx)dydz > = 0
NN
Txz = Tzx. (32)
0Txz oT
Txg +——d3 X g

Puc. 3.2. 3akoH mapHOCTH KacaTebHBIX HAIPSDKCHUH
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AHAJIOTHYHO, PACCMOTPEB CYMMBI MOMEHTOB CHJI OTHOCHUTEIb-
HO ocel X 1 Z, MOXXHO TOJTyYHTh:

Tyz = Ty, (3.3)
Txy = Tyx. (34)
OTO M eCTh 3aKOH NMapHOCTH KacaTelbHBIX HampsukeHui. Kaca-
mepHble HANPANCEHUA NO O06YM G3AUMHO NEPHEHOUKYIAPDHBIM
N0WAOKAM PAGHBL RO Ge/lUYUHE U NPOMUGONON0NCHBL NO 3HAKY.

3amucarh ero MOXKHO CIIEIyIOIIM 00pa3oM:
Ty = Ty,  Tyz = Tzy,  Tox = Txae (3.5

3.3. l'1aBHbIE MIOMIAJKH U TJIABHbIE HANPSKEHUS

PaccMmoTpum 1Be B3aUMHO TIEPIICHIUKYIISIPHBIC IDIOMIAIKU C Kaca-
TENbHBIMU HANPSDKEHISIMUA Txy U Tyx. COTJIACHO 3aKOHY MApHOCTH Kaca-
TENbHBIX HAMPSDKEHUH, 3HAKU Tyxy U Tyx IPOTHUBOMONIOKHEL [loaToMy ec-
JIM TUTOIIAJIKY C HAMPSDKEHUEM Tyxy IMOBOPAYMBATH JIO COBMAJCHUSA C IIIO-
IIAJIKON C HAMpPSHKCHUEM Tyx, TO 00S3aTEIBHO HAMICTCS TaKOE TOJIOMKE-
HHE IJIOIIAJIKH, KOT/Ia KacaTeIbHbIC HAPSDKEHUS OOPATATCS B HOJIb.

ITnowaoxu, no KomopwviM KacamenvHble HANPIHNCEHUS DPAGHDL
HYJII0, HA3BIBAIOMCA 2NAGHBIMU, a Oelicmeylowue no dMum niouao-
KamM HOPMAJIbHble HARPANCEHUS — 2TIAGHBIMU HANPANCEHUAMU.

DJIeMEHT, BBIICJICHHBIN TJaBHBIMH IUIOIIAKAMHU, H300paKeH

Ha puc. 3.3.
3 %
1
4 o
) O-l | - 1k | 1
o 1
0'2‘~~

Puc. 3.3. I'maBHBIC HOpMaTTbHBIE HATIPSDKECHUS
B IEKapTOBOI CUCTEME KOOPIUHAT

['maBHbIe HaNpsHKEHHUS O003HAYAIOTCS 61, ©2, 63, HPHUEM
61> 62> 63.
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B 3aBucuMocTH OT KOJIMYECTBA JEMCTBYIOIIMX TIJIABHBIX
HaNpsKEHU pa3nuyaroT TpU BUJa HANPSDKEHHBIX COCTOSHUIM: suHeli-
HOe, NIocKoe U 06veMHoe.

3.4. TeH30pHbIE XapaAKTEPUCTUKH HATIPSIZKEHHOTO COCTOSTHUSI

Tenszop nanpsicenuti. KOMIIOHEHTBI HANPSDKCHUH, TEHCTBYIOINE
Ha IUIOMIAKAX, MApaUICIbHBIX KOOPAHHATHBIM IUIOCKOCTSIM, MOXKHO
00BEIMHUTH B COOTBETCTBYIOIINE BEKTOPBI HATIPSLKEHHUH, ICHCTBYIONIHC
Ha 9THX IUlomansax. MHaue roBops, BEKTOpPbl HANPSDKEHUM, NEHCTBYIO-
I Ha TUIOMIA/IKaX, MapalIeIbHBIX KOOPIMHATHBIM [IOCKOCTSIM, MO~
HO BBIPA3UTh Y€pe3 UX JAEKaPTOBBI KOMIIOHCHTBI KOOPIUHAT:
Opx = Oy = Oxx€y + nyEy + 0xz€;
Ony = Oy = Oyx€y + 0yy €, + 0y, (3.6)
Opz = 07 = Oy + 056, + 04,8,
To ectb uMeeM  TpH  BEKTOPHBIC  COCTaBIISOIIUC
(C,x» Ony, Onz) TIOJIHOTO HANPSDKCHUs B TOUKE, KOTOPYIO TIPHMEM 32

HAayaJo KOOPAMHAT. JTH BEKTOPHl COCTAaBJIAIOT TEH30p. B nanHOM
CJIydae 3TO TeH30p HaNpspKEHUH BTOPOTO paHra.
I[Ipu nepexo/e K HOBbIM OCsIM KOOpAUHAT X', Y', Z' KOMIIOHEH-

Thl TEH30pa HANpPSHKEHUH Gx, Gy, Gz MPEOOPa3yrTCs MOJO00HO KOM-

IMOHCHTAM BEKTOpa I10 3aKOHY MNOIIapHBIX KOCUHYCOB, TO €CTb MOXHO
3aIucaTh.

Ql

Onx
Ony = Oy = OyxQy/y + Oy 01y, + 0y 0y, (3.7)
Onz = 0z = OzxQp/y + Ozy0yry + 0,50,7,

x = OxxQy/y T OxyQyry, + Oxz 0y,

TeHepL 1A IPOCTOTBI MOKHO BBIYHCIIMTH TOJIBKO IIEPBYIO HO-
BYIO KOMIIOHEHTY 4Y€pe3 COCTABJIIIOLIME CTapoill KOMIOHEeHThl. [lox-
craBuM (3.6) B (3.7), mony4uM ypaBHEHHE:

ax’ = (O'xxEx + o'xyEy + zegz)axx' + (nyéx + nyéy + (3.8)
+ Gyzgz)ayx' + (szgx + Gzygy + GZZEZ)ayZ'
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Teneps BbIMUCIUM HPOEKIMIO HOBOTO BEKTOpa O,/ HAa HOBYIO
0Cb X'! yMHOXXUM BEKTOP Ha OPT 3TOi OCH, TO €CTb:
O-xlxl = Exl . Exl_ (3-9)
[TosTomy ciieBa B BeIpakeHHH (3.7) OyIET O, = €,/ = O,/,/, a
PaBEHCTBO IPUMET BUJI:
Oyly! = (cxxex + Oxy€y + oxzez) N
+( .+ 2. 4+0.2 ) e (3.10)
Oyx€x T Oyy€y + 0y€;)  Qyyrey,
+(szex +0zyey + Gzzez) "0yt eyl
Ecau paccMOTpeTh CKalsipHble IPOU3BEACHHS € IMHUYHBIX BEK-
TOPOB, TO BUJIHO, YTO:

ex X eyl = Qyy!
ey €yl = yx'
erEx’ = Agy!

THAE Ay, Ayy!s Qyy! — KOCHHYCHI YITIOB MEXKAY COOTBETCTBYIOLIMMU
BEKTOPAMHU.

IMoxacrasmsist ypaBuenue (3.10) B Beipakenue (3.9) mis coctas-
JISTIOTIEH, IEHCTBYIOMIEH M0 OCH X', HANIPSDKCHHS Ha IUIOMIAIKE C HOP-
Maubio N mapannensHol OcH X', TOJTy4nM:

Oxlx! = OxxQyx' Ayy! + OxyQyxx' Ay’ +
FO0,;0,,7 Ay + OyxQyy! Qyy! + OyyQyy! Qyy! +
OyzQyx! Azt + Oy Qpyt Ayt + 05y Ayt Ayt + 055051 Az (3.10a)

N3 dpopmyisr (3.10a) cnexyet, 4To Kaxaas U3 COCTABIISIFOIIAX
HanpsDKEHUs! peo0paszyeTcs Npu Mepexoie K HOBBIM KOOPIUHATHBIM
0CSIM TIO TIPaBHITY TIOMIAPHBIX MTPOU3BENCHHUI KOCHHYCOB.

Utak, HanpspkeHUE B TOUKE ONPEAEISIeTCs IEBAThIO BEJIMYMHA-
MH, KOTOPbIE CBSI3aHbI C KOOPIMHATAMHU CUCTEMOH ypaBHeHwuii (3.7), u
IpY Nepexo/ie K APYroil KOOpAMHATHON CHCTEME OHHU NPeoOpasyroTcs
0 TIPABHUITY MTOTIAPHBIX MPOU3BeAeHUH KocHycoB ((hopmyia 3.10a).
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DTO 03HAYAET, YTO HANPSHKCHUE B JTAHHOW TOYKE CILIONIHOMN
CpCabl OIpeACIACTCA TCH30POM BTOPOT'O paHra:
Ox Txy Txz
Ts =|Tyx Oy Tyz (3.11)
Tzx Tzy O
B UHJICKCHBIX 0003HAYCHUSAX TO BBITJISAUT KPATKO:
Ts = aij. (3.11a)
YuuteiBas 3aKOH MAPHOCTU KacaTelbHBIX HampspkeHuil (3.5),
MOJKHO CJI€NaTh BBIBOJ O TOM, YTO TCH30P HAIPSIKCHUH CUMMETPUYCH
U HE3aBHCHUMBIX KOMIIOHCHT B HeM IecTh. CHMMETPHUYHBIA TEH30p
HaNpsOKEHUH MOXKET OBITh PAacCMOTPEH B TJABHBIX OCAX, KOrna
Ty = Ty = Tx = 0. Torna:

op 0 O
TF =10 o, 0 (3.12)
0 0 o3

AHAJOTMYHO IOHSITHIO apoBOro TCH30pa BBOJUTCA IMOHATHC
IapoBOro TCH30pa HaHpﬂ)KCHI/II\/'I, JJIs1 KOTOPOro, Korjia 61 = 62= G3 = O:

c 0 O
TH=10 ¢ 0 (3.13)
0 0 o

[ITapoBoil TEH30p HANPSIKEHUN XapakTEPU3yeT PaBHOMEPHOE
BCECTOPOHHEE C)KAaTHE Tella, MPUBOASIIEEe K 00paTuMOMY M3MEHEHHIO
obbema. To ecTh mapoBOM TEH30p HANPSDKCHUM XapaKTepU3yeT Telo,
HaxXOJSILEECS 8 YHPY2OM COCHLOAHUU.

TeH30p HaNpsKEHUH MOKHO PA3JIOKUTh Ha IIAPOBOU TEH30P U
doesuamop:.

Ox —O Txy Txz
Dy =Ty — Té‘u =] Tyx 6y — 0O Tyz (3.14)
Ty T,y 0,—0C

TeH30p HanpsHKEHUH MMEET TPU MHBApHAaHTa — TPH BEIMYUHBI,
HE 3aBHCSIIUE OT OCel KOOpAMHAT. B riIaBHBIX OCAX 3TH MHBApUAHTHI
UMEIOT BUJ:

— IUHEHbIL UHBAPUAHN

11(T5) = 61=02=03, (3.15)
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— KBAOpaAMUYHbILL 6APUAHM

I2(T5) = 61°62+62°03+063°61, (3.16)
— KyOuyeckuti uHeapuanm
|3(T(;) = 01'02'03. (317)
Benunuuna, paBHas
Gep = w (3.18)
HA3bIBACTCS — CPEOHUM (Ulu 2UOPOCAMU4ecKum) OaeieHuem

(nanpsiocenuem) 6 mouxe.
HeOTpI/I]_[aTCHBHaﬂ BCJIMYMUHA:

1 2 2
T = \/_E\/(Gx -0,) +(0y—0,) + (0, —0,)% +6(1%, + %, +1%,) (3.19)
HA3BIBACTCS UHMEHCUGHOCHIBIO KACAMENbHBIX HANPANCEHUIL.

B Teopun 00paboTKM METaIOB AABICHHEM Yallle paccMaTpH-
BarOT BCJIMYUHY:

o'i:\/g-T:

- %\/ (0x = 0y)" + (0 = 0,)" + (0, = 0,02 + 6(thy + %, +13,), (3.20)

KOTOpasi Ha3bIBACTCS UHMEHCUGHOCHbIO HANDAMCEHUIl, & B TCOPUU
TUTACTUYHOCTH — HPUGCOCHHBIM HANPANCCHUECM.

Takum 00pa3zoM, HanpsaliceHHOe COCHOsAHUE 8 MOYKe — 3TO
¢dusnyeckas BelNMUYUHA, IS KOJIMYSCTBCHHON XapaKTEPUCTHKU KOTO-
poii HEOOXOAUMO U JIOCTATOUHO 33JaTh JCBATh YUCEJ — KOMIIOHEHT
HaANPSDKEHUS B KOOPJUHATHBIX ILIOIIAIKaX, KOTOPbIE B COBOKYITHOCTH
00pas3yIOT meH30p HanPAXNCeHUIl 6MOPO20 panzd.

Ecnu 3anaHpl 3T JCBATH BEJIMYKMH, U3 KOTOPBIX HE3aBUCUMBIX —

HIECTh, TO MOXHO OTpPENENINTh HaNpsbKeHHe Ha 000l HaKJIOHHON
TUTOIIAJIKE, TIPOXOAAIIEH Yepe3 3aJaHHYIO TOUKY.

3.5. Hanpsi:keHusi B HAKJIOHHOH TJIOIIA/IKe

[Iycts N — 310 HOpMab k miomagke ABC — HaKIOHHOW IpaHH
terpadapa (puc. 3.4). JIe rpanu ero BeprukaibHsie — AOB u BOC,
onHa ropusoHTansHas — AOC.
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Puc. 3.4. Cxema aelicTBYsI HaIpsDKEHUH HA HAKJIOHHYIO TUIOIIAAKY

[Monoxenne HakinoHHOHM Tpanu Terpadapa ABC ompenensercs
3aJlaHUEM YIJIOB, KOTOpPBIC 00pa3yloT HOpMajb K IUIOIIAJKE C OCSIMH
KOOpAWHAT, U HAIIPaBJIAOIIHUMU KOCUHYCaMU:

€0s ox= cos(N,x) = ay,
cos ay,=cos(N,y) = ay, (3.21)
cos o = cos(N,z) = a,.

Ecnu 0603HauuTh TUTOMAIh HAKJIOHHOW rpaHu Terpadapa ABC
yepe3 AF, To momaay ee MpOoeKIuit Ha KOOPAMHATHBIE TUIOCKOCTH
OyIyT TaKUMHU:

—rpaub COB: AF= AFcos(N, x) = AFay,
—rpanb AOB: AFy= AFcos(N, y) = AFay, (3.22)
—rpanb AOC: AF.= AFcos(N, z) = AFa,.

JlaHHBIA TeTpadap JOHKEH HaXOAWUTLCS B PABHOBECUU TOJI JIEH-
CTBHUEM BCEX CWJI, JIEHCTBYIOIIMX HA €ro rpaHd. Ha HakiOHHO# rpaHu
JICWCTBYET TIOJTHOE HAIPsDKEHUE S, UMEIoIIee TPOSKIM HA KOOPIUHAT-
HBIE OCU Sy, Sy, S;. Ha rpansix, KOTopble COBIAIAOT ¢ KOOPIUHATHBIMU
IUIOCKOCTSIMU, JIEHCTBYIOT HOPMAJIbHbIE M KAacaTENIbHbIC HANpPSLKEHUSL.

40



YcnoBusi paBHOBECHS TETPadipa B 3TOM CIIydae MOXHO 3aIHCaTh, CIIPO-
€KTHPOBAaB BCE ACHCTBYIOLIHE 110 €r0 TPaHsAM CHIIBI HA OCH KOOP/IMHAT:
2y = SxAF — 0, AF, — 1)  AF, — T, AF, = 0
2oy = SyAF — 0, AF, — Ty AF, — T,,AF, = 0 (3.23)
X1, = S,AF — 0,AF, — t5,AF, — 1,,AF, =0

IloxcraBumM B cucteMy ypaBHenwuit (3.23) snauenns AFX, AFy,

AFz u3 popmyn (3.22), mocine 9ero moxydum:
Sy = OxQy + TyxQy + TyQ,
Sy = 0yay + Tyyay + 150, (3.24)
S; = 0,0, + Tyzax + 14,0y,

Cucrema ypaBHeHwid (3.24) Mo (GpU3NYECKOMY CMBICITY SIBIISCTCSI
OTPaKCHHEM CBSI3M T'PAaHMYHBIX HampspKeHWH Sj, NEHCTBYIOUIMX Ha
TUIOMIAJIKE ¢ HOPMAJIbIO, ONpEAEIeHHON BEKTOPOM Nj, U BHYTPEHHHUX
HanpsDKEHUH KOMIIOHEHT TeH30pa 6ij. B kpaTkoil ¢opme 3amucu oHa
uMeeT B

GiiN;i=Si. (3.25)

VYpaHenns (3.24) W3BECTHBI KaK cZpPAHUYHbBIE YCIOGUA 8
Hanpaxycenusax. 110 cocTaBISIFOIMM 3TUX YpaBHEHHU JIETKO OIpe[e-
TsieTCsI 3HaUSHUE HAIPsDKEHUS S Ha HAKJIOHHOW TpaHu TeTpadpa:

§%= S%+ S%+ S, (3.26)

Hopmansnoe nanpsicenue Ha HaKIIOHHON TUTOMIAJIKE OIpe/ie-
JseTCsl KaKk CyMMa TMPOEKIHMHA KOMIIOHEHT Sy, Sy, S; Ha HOpMaib K
TUTOMIAJIKE:

On = Syay + Syay, + S,a, = o,a; + 0,05 +
+0,0% + 2T,y Ay 0y + 2Ty,0,a, + 2T,,0,0,. (3.27)

Ilonnoe kacamenvnoe nHanpa)3cenue Ha HAKJIOHHOW IUTOMIAKE
onpeaensaeTcs 1o Gopmye:

?=5"-¢% (3.28)

W3 mpuBeneHHBIX B JaHHOM pazjeiie GopMys CIeAYIOT CIemy-
FOII[ME BBHIBOJIBI:

—€CJM 3aJaHbl KOMIIOHEHThI TEH30pa HaIPSOKEHUH, NEeHCTBYIO-
M€ B TOYKE [0 TPEM B3aUMHO MEPIEHAMUKYJISPHBIM IUIOIIAAKAM, TO
HaNpsyKEHHOE COCTOSIHUE BIIOJTHE OIPEJIENICHO;
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—HOPMAaJIbHOE HANPSDKCHUE On HA HAKIOHHOW T'paHH, paccyu-
taHHOe 10 (opmyne (3.27), Mo CyImIECTBY, BBIYUCIACTCH MEPEXO00M
OT HANpsHDKEHWH B MPOM3BOJBHBIX KOOPAWHATHBIX OCAX K MECTHBIM
ocsiM ¢ HopMaiibio N. DTOT mepexoja OCYHISCTBISETCS MO MPaBUITY
MOMAPHOT0 MPOU3BEICHUS KOCUHYCOB, KaK 3TO MPUHSTO JJIs1 TCH30POB
BTOPOTO paHra.

3.6. DasMncou HANpPsIKEeHUiA

OTJ105KUM 110 HarpaBiaeHU0 HopMaiu N K HAKJIOHHOM ITIOIIAJIKE
BEKTOP I', MOTYJIb KOTOPOT'O OIpeIesisieTcs: BeIpaxkeHueM (cM. puc. 3.4):

r=—A_ (3.29)

[on|

rie A — HeKoTopas MPOU3BOJbHAS TOCTOSHHAS;, Gn — HOPMAIBHOE
HanpsHKeHUe, TEHCTBYIONIee Ha HAKITOHHOW MIOIAAKe, KOTOPOE MOXK-
HO OmpeenuTh 1Mo Gopmyse (3.27):
A2
Cn=%f—. (3.30)
r
KocuHycChI YTII0B MEXIY PaaiuyCcOM-BEKTOPOM I U KOOPIMHAT-
HBIMH OCSAMHU IIPUMYT BU:

a,==; a,==; a,=-, (3.31)
x y

-
TJIE X, Y, Z — KOOPIMHATHI KOHIA BEKTOpa I.
U3 popmyis (3.30) umeem A2 = 6,12 [TosTomy:
2 2 2
2_| 5. X A Zz
A% =] oy 5 toy— +O'Zr2

X z X-Z
+ 2TXy y + ZTyz y: + 21y, — | r2 =
r r r

=0, . X2 +o, -y2 +0, .72 +22’Xy -xy+27yz -yZ+2TXZ 'XZ'_ (3.32)

IlonyuyeHHOE ypaBHEHUE SIBJISETCS MMOBEPXHOCTBIO BTOPOTO IIO-
psAKa, OTHECEHHOM K LeHTpy. [Ipoananu3npyeM BO3MOKHbIE U3MEHE-
HUSI HampsDKeHUs] S Ha HaKJIOHHOW Tmonianke. [Ipeamonoxum mnpu
9TOM, YTO PACCMATPUBAIOTCS TOJIBKO TAKUE OCH, B KOTOPBIX KacaTellb-
HBIE HAIPSDKEHUS OTCYTCTBYIOT. OTH OCH Ha3bIBAIOTCS TJIABHBIMU,
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a HanpspKeHWs, ACHCTBYIOIIME Ha IJIOIIAAKaX, pacCMaTPUBAECMBIX B
TJIABHBIX OCSIX, — TJIaBHbIE HOpMaJIbHBIC HanpspkeHus. i aToro ciry-
yas ¢popmynsl (3.24) npuMyT BUA:

S]_ = 0104, SZ = 0,05, 53 = 030Q3. (333)

W3 Beipakenuii (3.33) cnenyer:

Sz, S; | s?
a? + a3 + a3 = S+3+3 (3.34)
1 2 3

OTO ypaBHEHHUE ONUCHIBACT MPEXOCHbIU IIUNCOUO C TIOYOCSIMU
01> 62> 03 U ABISIETCS 2IUNCOUOOM Hanpsiicenuil Jlams (puc. 3.5).

Puc. 3.5. Dnnuncoua Hanpsbxenuid Jlamn

Wrak, abcomoTHOE 3HAYEHHE BEKTOPA IMOIHOTO HAMPSHKEHUST S
Ha JIF000M TUTOIIAKE, HAKJIOHEHHOM K TJIABHBIM OCSM, HE MOXKET OLITh
MEHBIIIE MUHUMAIIEHOTO TJIABHOTO HANPSDKEHHS 63 U OOJIbIIe MaKCH-
MaJbHOIO O1.

3.7. FnaBHbIe KacaTeJbHble HANPSKEHUS

[lycTs TeH30p HaNpsDKEHUS 3aJaH B ITIaBHBIX OCAX, TOrJa HOp-
MaJIbHOE HAaIpsHKEHHE Ha HAKJIOHHOW IUIOINAJKE, Kak 3TO CIEeAyeT U3
dopmyiet (3.27), mpUMeT BHJL;

on = 0,03 + 0,a5 + 05a3. (3.35)
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KoMNOOHEHTHI MONMHOr0 HANpsKEHHS Ha 3TOM HAKIIOHHOW IUIO-
nIajKe, Kak 1o ciaenyet u3 hopmya (3.24), npumMyT BHI:
Sl = Sx = 0144, Sz = Sy = 0,05, 53 = SZ = 030Q3. (336)
ITomHOE HampspPKEeHNE HAa HAKIIOHHOW TUIOMIAIKe OyAeT paBHO:!
S% = S% + 5%+ S2 = o0%a? + 03a5 + 03a3. (3.37)
N3 popmynst (3.28) 1 U3 camMoro cMeiciia BETHYUHBI MTOJIHOTO
HaNpsDKEHUS] Ha HAKIIOHHOM TUTOMIAJIKE CIIETYeT, YTO €ro MOXKHO pa3-

JIO)KUTh HAa HOPMAJIBHOE M KacaTelbHOe HampsbkeHus. [Ipu 3Tom Kaca-
TENbHOE HaNpshHKeHUe OyIeT paBHO:
12 = §% — 6% = 02a? + 63a2 + 0%a3 — (0,a? + 0,03 + 05a3)?%. (3.38)
BeisicHM, B KakuX IUIOIIAJKaX KacaTeJIbHBIC HAMPSKCHUS
HNPUHAMAIOT SKCTPEMaJIbHBIC 3HAYCHUSL.
U3 ycnosus:
ai> + a? + a? =1 (3.39)
UMeeM:
az? =1 — ai® + a. (3.40)
[Moncrasus ypaBuenue (3.40) B popmyiy (3.38), momyuum:
2 = o%ai + 03a% + o3(1 —a? —a3) -
—[0,a? + 6,45 + 05(1 — af — a3)]?. (3.41)
[Mpoanddepenuupyem Boipaxenue (3.41) mo a1 ¥ mpupaBHIEM
YaCTHYIO NPOU3BOIHYIO HYITIO JUTS HAXOXKICHUS KcTpeMyMa. [omyanm:
a(t?)
da,

= 20%a, — 20% — 2[0,a? + 0,45 + 05(1 — a? — ad)] x

X (201(11 - 203(11) = 0. (342)

Coxpamaem ypaBHeHue (3.42) Ha 2(61 — 63) ¥ BBIHOCHM a1 3a
ckOOKH. ['pynnupyst 4ieHbl, MEHssS 3HaK, BBIHOCS 32 CKOOKH @1 M @y
Y pa3/ienuB Ha 2, TIOTYIHM:

a; [(01 —03)ai + (0, — 03)a5 — %(01 - 03)] = 0. (3.43)
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‘C2

BrinonHss aHaqIoru4HeIe ASHCTBUS IS = O, MMOJIy4YuM:

2
2,

az|(01 = 03)a} + (0, — 03)a3 =3 (o, —03)| = 0. (3.44)
Pemenwsimu ypaBuenuii (3.43) u (3.44) sBisroTes:

a=0;, a=0; az==l. (3.45)

Wrak, moiydeHa mepBas TpyIiia HAaNpaBIISIOIUX KOCHHYCOB

YIJIOB HAKIJIOHA IUIOMIAIOK, TMPH KOTOPBIX JOCTUTACTCs IKCTPEMYM

KacaTeJIbHOTO HANPSHKEHUS ©.
Hanee, npunsis a1 = 0 u3 ypaBHenus (3.44), momydum:

a [(02 —03)a3 —%(02 - 03)] = 0. (3.46)

Pemrennem pganHOro YpaBHEHUA SABJIACTCA 3HAYCHUE HaIlpaBJIA-

1
=+,__
Q== 5

HonyquHme 3HAYCHU HaIpaBJIAIOIINX KOCHUHYCOB a1 U a2

IOIIEro KOCUHYyCa az:

noscranisieM B ypaBHeHue (3.40). [lomrygaem:

1
a3 =+,[=.
PTN2
[Tpunse a, = 0 u noacTaBuB B ypaBHeHue (3.43), moaydaem:
1
& =1,/=.
N2

[ToxcraBuB a; u a; B ypaBHeHue (3.40), momydnm:

’1
a3 ==t —2.

Takum 00pa3oM, MOJTyHYeHB! IBE TPYIIbI HAPABIISIONINX KOCHHY-
COB, OTPENIEIISIOMMX IIIONIAIKH, HA KOTOPBIX KacaTelbHble HAlPsHKEHHS
MPUHUMAIOT 3KCTPEMAJIbHBIC 3HAUEHHS. 3allUIIEM UX 3HAYECHUSL:

a = O; d = i\/%; az = i\/g, (347)
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1 1
q==,05; a=0;, a==*/=. (3.48)
2 2
Bcero umeem mectnb rpynn 3HAUCHUI HampasBJIAIOIMIUX KOCUHY-
COB JIA HAKJIOHHBIX IINIOMIAJO0K, HA KOTOPBIX KaCaTCJIbHbIC HAITPSIXKE-

HUSL T TOJNy4aroT DKCTPeMalbHbIe 3HaueHHs. Bce OHHM MOKa3aHbl B
Tabu. 3.1.

Tabmuna 3.1
3Ha“ICHI/Iﬂ HaHpaBJ'I?IIOH_[I/IX KOCI/IHYCOB
Hanpassomie ['pymsl 3HAYESHNH HATIPABIAIONINX KOCHHYCOB
KOCHHYCBI 1=0, 6 = max 7= max

1 1
a 0 0 +1 +, [= 0 +. /=
' 2 2

1 1

a 0 +] 0 +,. /= /= 0

? 2 2
1 1
a +] 0 0 0 g g
’ 2 2

[lepBbie TpW Tpynnbl 3HAYEHUH HANPaBISIONIMX KOCHHYCOB
OIIPEACISAIOT KOOPIMHATHBIE IUIOCKOCTH, B KOTOPBIX KacaTelbHbIE
HanpsDKEHUs] OTCYTCTBYIOT. [Ipy aHamu3e BOIpoca 3TH IJIOCKOCTH
ObUIM TIPUHATHI 32 rnaBHble. CleqoBaTeNbHO, BTOPBIE TPHU TPYIIIBI
3HAQUEHHMH OMNPEIEISIOT IUIOCKOCTH, B KOTOPBIX KacaTelbHbIE HAIps-
JKEHHSI JIOCTUTAIOT MaKCHMAIBHBIX (110 aOCONIOTHOM BeNUYMHE) 3HA-
YEHMH, OCKOJIBKY SKCTPEMYM ONPENENSICS ISl T2,

OTH BTOpBIE TPH TPYIIHI HAMPABISIOMNX KOCHHYCOB OIpejie-
JISIFOT TUIOCKOCTH, MPOXOJISIINE Yepe3 OJHY KOOPIUHATHYIO OCh U Jie-
JSIIME Yrod MeXAy ABYMS OpyruMH mononaMm. Beero momyunm tpu
napbl B3aUMHO TEPIICHIUKYISPHBIX TUIOMAIOK, B KOTOPBIX KacaTeib-
HbIE HAMPHKEHUS ITOCTUTAIOT HAUOONBIINX aOCOJIOTHBIX 3HAYCHMH
(puc. 3.6).
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Puc. 3.6. Pacnionoxenue B neopMUpyeMOM Telle IUTOLIAI0K JIeHCTBUSA
HanOOIBIINX KacaTebHBIX HANPSKEHIH

HOI[CTaBHSISI 3HAYCHUA IIOJYUYCHHBIX HAIIPABIAIOMIUX KOCHHY-
COB a1, a2, a3z u3 Ta0. 3.1 1A Tmax B ypaBHeHue (3.38), momydanm 3Ha-
YCHHUA I'NIaBHbBIX KaCaTCJIIbHBIX HaHpH)KeHPIﬁZ

1 1 1 )
T12=i§(01_02)2 a == > a, == b a; =0

1 1 1
T3 =15(02—03); (a1 =0; a;= i\/;; as 2) [ G49)

1 1 1
T31 = £5(03 — 04); a1=i\E; a; = 0; a3=if5J

WHpaekchl MpH T 03HAYAIOT, PA3HOCTH KAKUX TIABHBIX HOPMAaJlb-
HBIX HaNpsDKEHUH PaBHBI JIaHHBIM KacaTeNbHBIM HANpPsDKEHUSIM, W K
KakKHM OCSIM IUIOCKOCTH JEWUCTBHSI 3THX KacaTeNbHBIX HAIPSHKEHUS
HaKJIOHEHBI 071 yriioM 45° (cM. puc. 3.6).

Takum 00pa3oM, Ii1aBHBIE KacaTelbHble HANPSHKEHUs] paBHBI
MOJTY-Pa3HOCTH COOTBETCTBYIONIMX TJIABHBIX HOPMAJILHBIX HaTpsKe-
Huii. HambOosbiliee KacaTeabHOE HANPSHKCHHE PaBHO IOJYpPa3sHOCTH
HauOOJBIIETO U HAMMEHBIIETO TJIABHBIX HOPMAJbHBIX HaNpPsLKEHHH.
W3 cuctemsl ypaBaenwmit (3.49) cnemyer:

Tiot T2s + 131 = 0. (3.50)
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To ecTs 3HaK HamOONBIIETO MO aOCONIOTHON BENTWYHMHE Kaca-
TEIHHOTO HANPSHKEHUS MTPOTHBOIIONIOKEH 3HAKY JIBYX APYTHX.

Hopmanbhuble HanpspkeHHs, OCHCTBYIOIIME Ha IUIOLIAIKAX
TJIAaBHBIX KacaTeNbHBIX HANPSDKEHUH, MONYYHM, TOACTaBUB COOTBET-
CTBYIOIIIME 3HAYEHUS a1, A2 U a3 B ypaBHeHUE (3.35), momyanm:

1 1 1
012 =5 (01 +03); 023 =3(02 +03); 031 =3 (03 +07). (3.51)

3.8. OxTasapuyeckne HaNPsKeHUS

Kpome rnaBHBIX HOpMAJIbHBIX HANPSHKEHUM U TJIaBHBIX KacaTeib-
HBIX HalpsDKeHUH, B TEOPUU HAIIPSHKEHHOT'O COCTOSHUS PacCMaTpHUBAIOT-
Csl U TaK Has3bIBaGMbIE OKMAIOpUUECKUe HAnpPANCeHUsA, NEHCTBYIOLINE
Ha IUTONIAJIKax,, OJMHAKOBO HAKJIOHEHHBIX K TPEM IJIaBHBIM OCSIM.

YT7Bl HAKJIOHA 3TUX IUIOLIAJ0K HAaXOIATCS U3 YPABHEHUS:

ai’ + a® + az? =1. (3.52)
HOHarafI, qTO a1 = a = as, HOHyI'II/IM:
a=+-L. (3.53)

NG

Takux TUIONIAZIOK YEThIpE, C YETBIPbMS MM IapajuieIbHBIMU
OHH 00Pa3ylOT reOMETPUIECKYIO UTrypy — okTasap (puc. 3.7).

Puc. 3.7. Inomaaku 1eHCTBUSA OKTadJpUIESCKUX HAMPSHKCHUH
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OnpenennM HampsHKEHUS, JEHCTBYIONINE HA OKTadIPHUECKUX
wiomankax. M3 ypaBHeHHS Al KOMIIOHEHTOB HaIpsDKEHUH Ha
HAKJIOHHBIX TuTomaakax (3.24) MOXKHO ONpEAETUTh KOMIIOHEHTHI OK-
Ta’IPUIECKUX HAMPSHKEHUH B TIaBHBIX ocsix. OHU paBHBL:

Si=ea; Si=e1a; Si=c1a (3.53)
[MonHOE HAMpsDKEHUE, ACHCTBYIOIIEE HA OKTA3APHUYECKON ILIO0-

magKe:
1
Sg}cT = 51201<T + SZZOKT + S?%OKT = E (0-% + O-% + G%) (354)

HopMmainpHasi cocTaBisOIasl OKTadIPUYECKOr0 HANpsHKCHUS
paBHa:

1
Onoxr = 01a% + 0,03 + 0505 = 5(01 + 0, + 03). (3.55)

KacarensHoe OKTasApUYCCKOC HAIPSHKCHUE OIIPCACIIUM TaK:

1 1 2
T(Z)KT = S(%KT - STZK)KT = 5(0% + 0-% + 0-%) - §(01 + 02 + 03) =

1, 2, 1, 1o, 5
=—01+—02+—03—§(01+02+03+20102+20103+20203)=

3 3 3
1
= 6(20% + 205 + 206% — 6? — 05 — 0% — 20,0, — 20,03 — 20,03) =

= %[(of - 20,0, + 03) + (0% — 20,05 + 62) + (6% — 20,05 + 62)]. (3.56)

OTKy,Z[a, IJId  KacCcaTCJIbHOT'O OKTad3ApHUYCCKOro HalpsaKCHUA,

NMCECM:

Tokr = i%\/(o-l —03)% + (01 — 03)? + (0, —03)%2. (3.57)

OKTaSZIpI/I‘IeCKI/Ie KacaTCJIbHBIC HAIIPSOKCHUSA MaJl0 OTIINYAIOTCA
OT MaKCUMAJIBHOT'O KaCaTCJIbHOI'O HAIIPSXKEHUS U U3MCHAIOTCA B CJIC-
AYHOIIUX Mpeaciax:

0,941 ~ ¥ > Joor > \E ~ 0,816. (3.58)

Tmax
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3.9. TuddpepeHunanbHbie ypaBHeHUs IBUKEHUSI M PABHOBECHS

B peanmpHOM Tene mnOpU NPUIOKEHUUM BHEIIHEH HArpy3Ku
HANPsDKEHUS H3MEHSFOTCS TIPH ITEPEeX0/Ie OT TOYKH K TOUKeE.

PaccmoTpuM 3neMeHTapHBIN Hapalljiesienunel co CTOpPOHAMU
dx, dy, dz. BergenuM B HEM JIBE TOYKH & W @1, IPHHAMICIKAIINAX TPO-
THBOITIOJIOXHEIM rpausam (puc. 3.8).

10, z:t
0z+ezdz sz+¢3 74

0T

dz

Puc. 3.8. Cxema K onpeeseHHI0 ypaBHEHHH IBUKEHUS U paBHOBECHS

HanpsokeHHOE COCTOSIHHE B TOYKE @1 OMPENCISICTCS TCH30POM
HanpspkeHuit (Gopmyna (3.11). Tak kak ToUka @1 OTCTOUT OT TOUKHU @
Ha paccTosaun dX, dy, dz, To HaPSHKEHUS U3MEHSIOTCS Ha BETHUHHY
NPUPAIICHUS HAMNPSHKEHUs 10 COOTBETCTBYIONICH —KOOpJIAHMHATE.
Hanpumep, HanpsHKeHUE Gx TIOYUHUT CIEAYIONIee MpUpaIeHHe:

agxx dx. (3.59)

Oy +
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Torna HampspKEHHOE COCTOSIHME B TOUKE @1 ONPENENIUTCS
CJIETyIOIIHM TEH30POM HaTPSKEHHI:

00, Oty 0Ty

| (0 +52dx) (T + 2 dy) (T + X d7)|
0Ty do 01y,

(tyx +—dx) (0 + a—;’ dy) (ty, +—-dz)| (3.60)
a zZX aTZ a Z

(Tox +52dx) (g + rdy) (o + =2 dz)

BeizeneH bl TapajuieNenure/l HaX0UTCs B PABHOBECUH T10]
JIeHiCTBHEM HaIpsDKEHUH Ha ero rpaHsax. CoCcTaBUM YCIOBHS paBHOBE-
CHsl, B3SIB CYMMY IPOEKIIUI BCEX CHJI Ha OCH KOOPJIUHAT, TIPHPABHSIEM
UX K Hymo. Toraa, Hanmpumep, MPOSKIUH BCEX CHJI HA OCh X MOXHO
3aMucaTh CIeIyIIuM 00pa3oM:

(o, + aa%dx)dydz — 0,dydz + (Txy + L dy) dxdz —

ay
%2 d4z) dxdy — ty,dxdy = 0. (3.61)

—Tyydxdz + (sz +

PackpbiB ckoOkM M TIpeoOpa3oBaB TONYYEHHOE BhIpaKEHHE,
pasnenus Bee Ha dX, dy, dz, moy4uM OIHO U3 ypaBHEHHIA:

ao'x a‘txy asz

T S = 0. (3.62)

CrnpoennpoBaB BCE CHJIBI HA OCH Y W Z, IOJYy4YUM €lIe JBa aHa-
JIOTUYHBIX ypaBHeHus. Torna ycioBust paBHOBECHS Al 0OBEMHOTO
HaNpsDKEHHOT'O COCTOSIHUSA B BUIE MU depeHINaNIbHBIX YpaBHEHUH B
YaCTHBIX MIPOU3BOJHBIX OYAyT UMETh BUI:

0Gy aTxy OTyz _
x oy ta P
Otyxy 0oy Oty

= 3.63
Xty Ta D (363)
aTZX aTZy acz _
x oy ta 0
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Hns cocraBneHusl ypaBHEHHWH IBI)KCHHS HYXHO YYUTHIBATH
JIOTIOJTHATENHHO 00BEMHBIE CHIIBI, TO €CTh CHJIBI, Paclpeie]IeHHbIE TI0
o0beMy Tena, a TaKKe WHEPIUOHHBIC CHIIBI, OMPEICIIIEMbIC BTOPBIM
3akoHOM Hprotona. Kaxnas u3 npoekiuii HHEPIMOHHOW CHJIBI OIpe-
JIeJIsIeTCsl KaK MPOM3BEICHHE Macchl Ha yckopeHue. Hampumep, npo-

CKIIUA 110 OCHU X 6yHeT paBHaZ
d?u

=, (3.64)

rae M — macca paccMarpuaemoro Tena; dxdyl — o6bem paccmatpu-
BaeMoro Tena (B miockocT XOY); p — INIOTHOCTh PACCMATPHUBAEMOTO

FE, = ma, = dxdylp

Tena.

C yd4eToM BCeX CHJI, IEHCTBYIOLIUX Ha 3JIEMEHTApHBIN 00beM
TeNa, COCTAaBUM ypPaBHEHUS BHIKCHUS aHAIOTUYHO YPAaBHEHUSM paB-
HOBECHS:

ox oy 0z dt?
Oty Doy , Oty _ , o%uy
OX oy oz dt?
OT n 6sz N 0c; _ 62Uz

2
66)( + a‘CXy + arxz _ 6 UX

(3.65)

19)4 oy 0z dt?
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4, KHHEMATHKA CILUIOIIHOM CPE/JIbI

4.1. IlonsTHS 0 EpeMeLeHUsIX U OTHOPOIHBIX AedopManusIX

Hedopmanueii Ha3pIBalOT N3MEHEHNE B3aMMHOT'O PACTIONOKEHHS
TOYEK TeJa MOJ ACHCTBHEM JIFOOBIX BHEIIHWX BO3ACUCTBHNA (YCHUTHS,
TeMIIepaTypbl, MAarHUTHBIX TOJIeH, panuanui). B obmem ciydae Teno
MOET TOJIy4aTh CMEICHWE M MOBOPAYMBATHCA KaK KECTKOE IIeNoe,
W3MEHSTh PACcCTOSHHUE MEXIY CMEXKHBIMA TOYKAMHE, YTO W SBISETCS
camoii nedopmariueii [2, 4-9, 11, 16, 17].

Ilo xonmaecTBeHHOH OlleHKe AeopManny AensaTcs Ha:

— KOHEYHBIE,

— Malble.

ITo xauecTBeHHOM OlleHKE AeopManuy ACIATCS Ha:

— JIMHEHHBIE,

— YIJIOBBIE (CIIBHTOBBIE).

Mo 3naky nedopmanmu aAensarcs Ha:

— pacTsiruBaouye (IoJ0KUTEeIbHBIE);

— CXKuMarolue (OTPHUIIATENBHBIE).

CocrosiHUE Tema, P KOTOPOM €r0 YaCTHIIbI BBIBEJICHBI U3 IEp-
BOHAYAJILHOTO PAaBHOBECHOTO TOJIOXKEHUS, HA3BIBACTCA Oehopmupo-
6AHHBIM COCHOAHUEM.

Jegpopmayus — 510 cMellleHHE YacTell WM MaTepUANIbHBIX Ya-
CTHI] TeJa, IPH KOTOPOM H3MEHSIOTCS B3aUMHBIE PACCTOSHHS MEXKIY
HUMH, HO HE HapYIIAETCs HEITPEPHIBHOCTH CAMOTO TeJa.

Oobparumas nedopmanusi HazsiBaeTcs ynpyzoii. HeoOpatumas
e opManisi Ha3bIBACTCS HAACHUYECKOI.

Bri6epeM poU3BOJIbBHYIO CHCTEMY KOOPIUHAT X, Y, Z. Beiaenum
B Tene Touky M c koopauHatamu X, Y, Z. Torga mpu npuiiokeHUN
Harpy3ku Touka M nepemectutcs B nmonoxenne M’ . Ee koopanHaThI
mocie gedopmarn obosraunM X', Y, Z'. Otpesok MM’ sBmstercst
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BEKTOPOM TEepeMeIIeHUs U rtoukn M. Torma HoBbie KOOPJIMHATHI
Toukn M Tipu ee TiepeMenieHun B Touky M’ OyayT paBHBL:

X' =x+ Uy,
y, = y+ Uy ’ (41)
2'=2+ U,.

Ecnm paccrosiHne MexXIy OTAETbHBIMU TOUYKAMHM Tella TIPH MPH-
JO’)KEHUN K HEMY BHEIIHEH Harpy3kd HE W3MEHSETCS, TO TeJO COBep-
IIaeT NOCTYNATEIbHOE WM BPAIATEIbHOE IBIDKCHNE IPU OTCYTCTBUH
nedopMarim.

Ecim nedopmupyemoe Tenmo mpu aedopManmd HE TMOIydaeT
pa3pbIBOB (TO eCTh jaedopManys MPOU3BOAMUTCS B YHPYroIUIacTHYE-
CKOH 00nacTu 10 6g), TO JAchopMaIiy NEPEMEIICHUS SIBIISIOTCS HE-
MPEPBIBHBIMU JIe(hOpMAITUIMK KOOPIUHAT TOYCK, TO €CTh:

U=Un(XY,2); Uy=Uy(xy,2); U=Uq(XY,2). (4.2)

B atom ciyuae HenpepbIBHBIMH OyIyT SIBISTHCS W YacTHBIC

MPOU3BOJIHBIEC STHX (PYHKIHA:

oux. dUy . ouz

ox ' oy oz

PaccMoTpum monsTHE 00HOPOOHOU depopmayuu. Beiienum Be

toukn Tena M u N (puc. 4.1). Jlo nedopmanmm KOOpIUHATH TOYKH

M — (x,y,z) u koopauHaThl ToukH N, KOoTOpast OTCTOUT OT Touku M Ha
OeckoHeuHO MaioM paccrosiauu dX, dy, dz, 6yayT paBHBI:

x+dx; y+dy; z+dz. (4.9)

Toraa paccrosiane Mexay ToukamMu M u N MOXXHO OTpenenuTh

o opmyire:
MN =S :«/dxz +dy? +dz? . (4.5)

IMocne nedopmanmu Touka N mepemectiiach B mosioxenue N'.
Ee HOBBIE KOOPIMHATHI:

(4.3)

X1+ dx1 =X + dx +Uy, (4.6)
rae Ux — KOMITIOHEHTa BEKTOpPa MNECPEMEIICHUSA TOYKHN N B IIOJIOXKCHHUC
N’ win npupaienue KoopauHaTel Touku N.
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[Momueiii BekTOp NepemenieHuss Toukd N OTHOCHUTEIIEHO TOYKH
M — 510 Bextop U, a ero KOMIOHEHTH! (IIPOEKIUM HA BEIGPAHHBIE OCH
koopaunar) Uy, Uy, U,.

Al |

dzz*it:;k N

Puc. 4.1. Cxema Kk onpeneneHnto 0JTHOPOIHBIX AedopMaruii

Tenepb MOKHO 3amucath, cBsi3aB Toukd M u N, ecii 3a Ha4ao
orcuera BeIOpaHa Touka M.
Ux =Ux(x+dx,y+dy,z+dz) = f(x+dx,y+dy,z+dz)
Uy, =Uy(x+dx,y +dy,z+dz) = fy,(x+dx,y+dy,z+dz) 4.7
Uz =Uz(x+dx,y+dy,z+dz) = f,(x+dx,y+dy,z+dz)
PaznoxuB cootHomenne (4.7) B psan Teinopa, kak (GyHKIHIO
TpeX MEepeMEHHBIX, M NpeHeOperas BEIMYMHAMH BBICHIETO TOpSAKA
MaJIOCTH, MTOTYIUM:

_ oUx oUx oUx
Ux =Ux+ PN dx+ oy dy + e dz
oUy oUy oUy
= 4.
Uy, =Uy + Ew dx + 5 dy + pe dz (4.8)
_ ouUz oUz ouUz
Uz =Uz + Ew dx + Y dy + p dz
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U3 nonyquHoﬁ CHUCTCMbI ONIPCACIIMM IPUPAIICHUC TICPEMCIIIC-
Huii Toukd N oTHOCHTEIBHO TOYKH M. DTO ABISETCS aOCOMIOTHBIM
MmpUupamcHueM NepeMCIICHU. HOJ'Iy‘-II/IM:

v 11y — OUX oUX OUxXy
AUx =Ux—-Ux= Ew dx+ Y dy + P dz
oUy oUy oUy
=Uy; —Uy = 4.
Uy, =Uy; —Uy p dx + 5 dy + p dz (4.9
_ 1, 0Uz oUz oUz
Uz =Uz -Uz = o dx + dy + e dz

W3 BBHIIEU3I0KEHHOTO MOXKHO CHIENaTh BBIBOA, 4YTO Aedopma-
LU HAa3bIBAIOTCS MAIbIMU, €CIIM B KaXKAOH TOUKE Tela MpUpPALICHUS
KOOPAMHATBl HACTOJBKO MaJIbl, YTO HUX KBaApaTaMH MOXXHO IpEHe-
Opeub. Ecnum oTHOCHTENbHBIE CMEIIEHUS SIBISIIOTCS JIMHEHHBIMU
GYHKUMSIMH KOOPAMHAT, TO Takue NeQOpPMALMH SIBISIOTCS OOHOPOO-
HblMU, TAK KaK BCE JIMHUM NPSAMbBIE U NapajelbHble 10 AedopManun
M OCTAIOTCS NPSAMBIMH U NapajiebHBIMU TOCKe AedopMaruy, XOTs
UX HarpaBlieHHE MOXET U3MEHUTHCH.

4.2. KomnoHeHTHI KOHe4YHOl AedopManun

Paccmorpum B cucreme KoopauHar X, Y, z Touku M u N
(puc. 4.2). TIpu NPUIOKEHNH HATPY3KH OHH MEPEMECTATCS B HOBBIE
nosoxkenuss M1 1 Ni. Ix koopaunatsl 10 nepemenienus: M — (X,Y,2)
u N — (x+dx, y+dy, z+dz). A nmocie nepememmenus: M1 — (X,Y,Z) u
N1 — (X+dX, Y+dY, Z+dZ).

A )

M N

M

 Ral

y

Puc. 4.2. CxeMa K onpeeIeHHI0 KOHEYHBIX Ie(hopMaIiiii
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Torma KBaJpaT JJIMHBI OTPE3Ka A0 NMEPEMCIUICHHA PABCH:

MN? =dS? = dx? + dy? +dz?. (4.10)
KBanpar niuHbl oTpeska mnocie nepeMenieHus paBeH:
M3Ny? =dS;? =dX? +dY? +dz?2. (4.11)

Koopaunarsl Touku M mocie gedopmarwu (Touka M) MOXKHO
ONpeJIeINTh, ECITH U3BECTeH BekTop nepememenns U (puc. 4.2). Ta-
KUM 00pa3oM, 3T KOOPJAHHATEI MOKHO OTIPEJICITUTh 10 (hopMyJie:

X =x+Ux(X,Y,2)
Y =y+Uy(xY,2) (4.12)
Z=z7+Uz(x,y,2)

Hosoe nonoxenne Touku N oTHOcuTenbHO Touku M ompene-

JIUTCS COOTHOIICHUSIMHU:
X +dX =x+Ux(x+dx;y+dy;z+dz)
Y +dY = y+Uy(x+dx;y+dy;z+dz) (4.13)
Z+dZ =z+Uz(x+dx;y+dy;z+dz)

Brerurem cucremy (4.12) w3 cucremsr (4.13). Jlanee MoxHO
OTIPEACITNUTH NepeMereHnst Touku N:
dX =dx+Ux(x+dx;y+dy;z+dz) —Ux(x,y,z)
Y +dY =y+Uy(x+dx;y +dy;z+dz) (4.14)
Z+dZ =z+Uz(x+dx;y+dy;z+dz)
Paznokum Beipakenue (4.14) B psapl Teiinopa, mpeobpasyem

ux, OT6pOCI/IM BCJIMYMHLBI BBICIICTO IOpsAAKa MaJIOCTH, OGLGI{HHI/IM
O6H.IPI€ WICHBI, TOJYYNUM:

_ oUx oUx oUx
dxX =1+ Ew )dx + Y dy + P dz
oUy oUy oUy
et = = 4.1
dy o dx+ 1+ 5 )dy + p dz (4.15)
_0Uz ouUz ouUz
dz = dx+—8y dy+(1+—az )dz

Ornpeaenum pupamnieHne JTHHbBI TuHeHHOTo 3meMenTa MN:

dSZ —dS? =(dX? +dY? +dZ?)—(dx® +dy? +dz?).  (4.16)
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N3 cuctemsr (4.15) moxcraBum 3uauenus dX, dY, dZ, mpeobpa-
3yeM HX U BBEJIEM CIIEAYIOIIHE 0003HAYCHUS:

_oux 1 (8UX)2+ oUy 2+(6Uz)2
oooox 2|\ ox OX OX
e —9Yy 1 auxY ,(auyY  (auzY
Yooy 2| oy oy oy

[ 2 2 2

_0Uz  1|(aoUx oy (aUz)
2= "2 (az ) +( &z ) "\ (4.17)

_0Ux  dUy  oUxoUx , oUydUy = oUzoUz
STy T Taxay T oxay | oxoy
o —9Uy _ dUz  oUxoUx  dUydly = oUzoUz
B0z oy dzoy dzoy ozoy
e —0Ux Uz  aUxdUx , dUydUy  oUzdUz
“T oz ox oxor oxoz oxoz

IToncraBuB w3 cucteMbl (4.17) BBeAcHHBIE O0O3HAYCHHS B
ypaBHeHue (4.16), onpenenuM MpHUpAIICHUS JITUHBI JTHHEHHOTO 3Je-
MEHTa!

ds? —ds? :Z(exxdx2 +eyy0y? +e5,02% + e X - dy +ey,dy - dz + €0z ~dx).

(4.18)

B nonydyennom ypaBHeHuu (4.18) BBelieHHBIE 0003HAYCHUS Eyy,

€y, €1 exy, €y, €xx — BBIPAKEHHBIC Uepe3 MPUPAICHUS TTePEMEIICHIIA
KOMITOHEHTBI KOHEUHOM JieopMaliyy.

4.3. ®opmyasi Komru

®opmynamu Ko HazpiBaroT nuddepeHnuaibHble 3aBUCHMO-
CTH KOMIIOHEHTOB MablX 0ehopmanuii om nepemeujeHuil.

IIpu paccmotpenun nedopMaryii yrpyroro Tejaa MO>KHO MPEITTo-
JIOXKUTB, YTO JIBM)KEHHUE Tella KaK )KECTKOTO IENIOr0 HEBO3MOXKHO, B CHITY
Yero NpH MepeMelIeHIH YaCTHIL Tella BOHHUKAIOT ero JedopMari.
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BosbMeM 31eMeHTapHBIN Iapaiiesenumes co croponamu 0X,
dy, dz u paccmoTpuM ero aehpOopMHUPOBAHHE TIPH ITEPEMEIIEHIH TOUEK
Ux, Uy, Uz (puc. 4.3).

CnpoernpyeM >JI€MEHTapHBIN MapajuleNienuie]] Ha TUI0OCKOCTh
XOY. Ipsmoyronsauk ABDC sBisiercst mpoekiuei 31eMeHTapHOTO
napamienenumnena Ha mwiockocts XOY mo nmedopmanuu. YeTwipex-
yronmpHUK A1B1D1C; — 310 ero mpoekims Ha minockocts XOY mocne

nehopMaum.

vy L OUs
Ux+ dy dy
| — X D]
) B.| B
[ i
=%
& LY
Ba B D . =i
1) ' A, ! C, %
B | S R
Sl g%
o - S
dUx -
0 x dx [x+ ;l_\_ dx X
Ix

Puc. 4.3. Cxema K onpeneieHr o MabIx TehopMaIii

IIpu sTom mpowmzonuto m3MeHeHne (HOPMBI U Pa3MEPOB ITOTO
napayutenenunena. Otpeskn UX 1 Uy — 3TO KOMIIOHEHTHI BEKTOpa
CMeEIIeHUs TOYKU A.

Torma koMnoHeHTHI cMmeteHus Touek C u B ompenensiores u3
cucremsl (4.8).

PaccmoTpum nedopmanmio 3TOTO AJIEMEHTApHOrO Mapaiene-
munena B mwiockocta XOY.
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OmnpenienrM OTHOCHTENBHOE MHHUMAIBHOE YyJUIMHEHHE pedpa
AC, xotopoe napamienbHo ocu OX:
_ A1C—AC

€y = ~ac (419)

rae A1C; — npoekius A1C1 Ha ocs OX.

ALC
102 apysietcst cosP. Tak Kak 3HAYEHHE HTOrO KOCHHYCa
1%1

ommko k 1, To yron B ctpemutcs k Hymo. [Ipivem, uto A41C> = A1C.
Torma u3 puc. 4.3:

Bemmunna

AUy
_ (Ux+de+dx—Ux)—dx AUy
£ = — =—Z (4.20)

OmnpenenuM OTHOCUTEIBHOE YAJIMHEHHE OTpe3ka AB, mapai-
nensHOrO ocu OY:

A;B,—AB
g, =——— 4.21
y 5 (4.21)
A6
Bemuunna aBnsteTcs cosa. Tak Kak 3HaueHHe ITOro KOCUHYCa

1~1
O0mm3ko K 1, To yron o ctpemurcs kK Hyiro. [lpumvem, uto A1B; = A1B:.

Torma u3 puc. 4.3:

auy
_ (Uy+_ay dy+dy—Uy)—dy _ 6Uy

gy = > o (4.22)

Omnpexnenum yron noBopota pedpa AB okono Touku A B II0C-
koctu XOY:

tga = 4.23
o= “.29
203011
au auU
Ux+a—;dy—ux a—;‘dy
tga = =
aUy auy
Uyx+ 3y dy+dy—Uy Wdyﬂiy
Torna
9Ux
E)
tga = — 55— (4.24)
(1+50)
y

o OUx _
Tak kak i MaJIbIx aedopmannit By Ey Benmunna manasi, 1o

cpasaenuto 1(ona npumepHo pasta 0,002), To:
AU,

e (4.25)

tga =~ o =
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AHaJIOTHYHO MOXHO ONPEJICNIUTh yroJl nmoBopota 3 pedbpa AC B
wiockoctu XOY':

B=22 (4.26)

Torma monHOe M3MeHeHWe mpsaMoro yria BAC B pesynbrate
Maoi neopmaruu OyeT IMeTh BU:

Yxy —a+s—%+%. (4.27)

PaccMOTpeB OTHOCHTENbHBIC Y/UIMHEHUS W CIOBUTH B JPYTUX

IJIOCKOCTAX, MOJNy4YnuM Ju(PepeHIraibHble 3aBUCUMOCTH MEKLY

KOMIIOHEHTaMH MaJIoi JieOpMaI[Mi U KOMIIOHEHTAMH TIEpEMEICHUI
(dpopmyier Kormn):

_ 6Ux . _ 6Ux auy\
Ex = ox y"y_ay ox |
ou Uy | au. } (4.28)
_ 90Uy, — %% 4, 90U .
&y oy’ yz oz t oy I
_ U, _9U, |, AUy
&2 =% Yzx = 55 62}

4.4. YpaBHeHUs] Hepa3pbLIBHOCTH JAeopManuii

KomnionenTsr nedopmanuii B popmynax Komm (4.28) ompene-
JSII0TCA KOMIOHeHTaMu nepeMerienuiit UX, Uy, Uz. Ilostomy oHu He
MOTYT OBITh MPOU3BOJIEHBIMH, U MEXIYy HUMH CYLIECTBYIOT ONpeje-
JICHHBIE 3aBUCHMOCTH, KOTOpPbIE Ha3bIBAIOTCS YPAGHEHUAMU (YC06U-
AMU) Hepa3pwvleHocmU (coemecmuocmu) oegpopmayuil.

Jns ompeneneHus ypaBHEHHH CBSI3M MeXAY AehopMaLusIMU
BocronbzyeMcst popmynamu Komu (4.28).

[IpomuddepeHunpyem yrioByro Ae(GOpMaIHIO Yxy 10 X U 10 Y :

2 3 3 2
6vxy:aux+6uy_a duy +a 6uy, (4.29)
OXoy  oy’ox  ox*oy  oy? ox ) a2\ oy

axay ayZ aXZ !

(4.30)
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Kak BugHo u3 monydeHHoro cootHomenus (4.30), ABe auHEi-
HbIe JeopMaluy B OHON IIIOCKOCTH BBI3BIBAIOT YIJIOBYIO Aedopma-
IIUIO B OTOM K€ TJIOCKOCTH.

AHanoru4ro, npoaudHepeHIupoBaB yy, 10 Y M 0 Z, @ Yz 1O
Z ¥ X, TIOJIyYUM €Il /1Ba YPaBHEHUs CBA3U. Tenepp MOXKHO 3aIlUCaTh
CHCTEMY COOTHOILIECHUH B BUIE:

827/Xy _ 625X 825y

= -
oxoy oy®  ox?
vy Oy ey \ (4.31)
oyor gz oy?

a27/zx — 628)’ + 82‘c"x
ozox  ox* ozt )
PaccmoTpum BiiusiHEE YIIIOBBIX AedopMaivii Ha JInHelHbie. [l
npuMepa npoandpepeHIpyeM €y 10 Y U Z, IOTYUUM BbIPayKEHHUE:
ot o (Fu)
oyor  ox oyer  ox | oyoz
Hanee mpousBoanM nuddepeHIupoBaHie YIIIOBBIX aedopma-
UM 110 Z, Y U X:

0 Yxy _ 62ux + azuy
0z oyor  oxoz
2 2

0 Y _ OUz | OUx (4.33)

oy  oxdy oyoz

0 Yzy _ 62uy " 82uz

OX  0oxdz  oxoy

CrnoxuM nepBble Ba uieHa cucTteMsl (4.33) 1 BBIYTEM U3 CyM-

MBI TPETUH €€ WIEH, OITYYHM:

ayZy anz aYXY_ azux
T x + oy + P _Z(Gyazj' (4.34)
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CpasuuB BeipakeHus (4.34) u (4.32), MOXKHO 3amucatrh Cleay-
IOLIYIO CUCTEMY YPABHEHHIA:

azgx_ 0 &YYZ asz &YXY

Zayaz‘&{_ x oy e }

Pey o[y Oy Oy

2 o ‘5{ x o @& } (4.35)
28282 :g|:8sz +5sz _any:|

OXoy 0z| OX oy oz

W3 nomyyeHHbIX cooTHOMEHHH (4.35) MOXXKHO OTMETHTBH, 4TO €C-
JIM €CTh YIJIOBBIE AeOopMallii B TPEeX KOOPJAMHATHBIX TUIOCKOCTSIX, TO
OHH BBI3BIBAIOT JIMHEHHBIE 1e(OpPMAIMU BO BCEX TPEX HAIpPaBICHHUSIX.

[Tonyuyennsie cuctemsl (4.31) u (4.35) Ha3pIBalOTCA Modicoe-
cmeamu Cen-Benana.

4.5. TeHzopHble XapaKTePUCTUKH
1e()OpMHUPOBAHHOTO COCTOSIHUSI TBEPIABIX TeJ

TeH30p MaJIbIX ,I[G(I)OpMaLII/Iﬁ MOXXHO 3aIucaTb I10 aHaJOImu C
TEH30pOM HaprDKCHI/Iﬁ B BUJIC MAaTpUIIbIL:

1 1
& 5 Yxy 3 Yxz

1
Te = Eny £y Esz (4.36)

1 1
EYZX EYzy £,
Tenzop (4.36) sBIsSETCS CUMMETPUYHBIM, B KOTOPOM KOMIIO-
HEHTBI, PAcIIOIOKEHHbIE CUMMETPUYHO OTHOCHUTENBHO IJIABHOW IHa-

TOH&JIM, paBHBI MeXAy coOoi. PaBeHCTBO yrioBbIX nedopmaruii
Ha3bIBACTCS NPABUIOM B3AUMHOCIU COBU20E.

Yxy =Y yx
Yxz =V (4.37)
Yyz =Yz
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Tenzop (4.36) xapakrepusyer aeopmaino OECKOHEUHO MaIOH
OKPECTHOCTH MPOM3BOJLHON TOYKH CIUIOIIHON cpebl. J[imst mocTmke-
HUSI CHMMETPUYHOCTH TEH30pa AeOpMaIldil CABUT B OJHON KOOPIH-
HATHOW MJIOCKOCTH JCIUTCS Ha JBE PaBHBIC YaCTH HE3aBHCHUMO OT BH-
na aehopmaruu (To €CTh 3TO HPOCHIOU VA YUCHBLI CO8UZ2).

CaoiicTBa TeH30pa JAehopMaluii CIeayroNHe:

1) KOMITOHEHTHI TeH30pa JAeOopMAIlHii 3aBUCAT OT BbIOOpa CH-
CTEMBbI KOOP/IMHAT;

2) SKCTpeMasbHbIe 3HAYCHHS OTHOCHTEIBHBIX Y/UTHHCHUMN
Ha3bIBAIOTCS IVIABHBIMU JIMHEHHBIMH ILC(I)OpMaHI/IHMI/I U SABJISIFOTCS BC-
JIMYNHaM WHBApPUAHTHBIMU. B IJromaagkax mux HeﬁCTBHH OTCYTCTBY-
10T CIBUTH. TaKkue IUIOIIAKK HAa3bIBAIOTCS TJIABHBIMH, a Ae(OPMHUPO-
BaHHOE COCTOSIHUE OMHMCHIBACTCSI TEH30POM TIIaBHBIX Je(OpMaIiHid:

& 0 0
Tg =10 & 0F (4.38)
0 0 &3

3) raBHbBIC JIMHEHHbIC eOpMAIIUK SBISIFOTCS KOPHIMH KyOH-
YEeCKOro YpaBHEHUS BUJIA:

& — Iy(rey€® + Iy(reye — Iz(re) = 0, (4.39)
rae lyre, logre), l3re) — MHBapUaHTHI TEH30pa JehOpMAaIHii:
limg = &x + & + &, (4.40)
lore) = exey+ gye+ e8¢ — 0,25y — 0,257, — 0,25y%, (4.41)
lare) = exgy€z + 0,25VwyYyryax — 0,257226x — 0,257%ey — 0,25v% €2, (4.42)

4) tenszop nehopmaituii Ty MOKHO pa3noxuTh Ha Tg" U Dg:

T, = D, + T3", (4.43)
rae Te" — mapoBo# Ten3op; Dg — neBuatop nedopmanmii;
g&p 0 O
T =[0 &, O], (4.44)
0 0 g

T/€ &p — CpenHAa Aeopmanys;

64



. (4.45)
rie A — 00beMHOE paclIupeHue Ui Tela, HaxXOSIIEerocs B yIpyrom
COCTOSTHUH.

Ecmu Temo, Haxopsmieecss B IUIACTUYECKOM  COCTOSHHH
€p = A= 0, Torma Dy = T;

5) HanboJbIIHe CABUIH — 3TO IiIaBHBIE caBUrd. OHU BO3HHKA-
I0T B IUIONIAJKaX, MEPHCHANKYISIPHBIX OJHOW W3 TJIaBHBIX KOOPJIH-
HATHBIX IJIOCKOCTEH W CcOCTaBISIONMX yroy 45° ¢ AByMs JAPYTHMH.
3HAYCHUS TTABHBIX CIBUIOB OMPEEINIOTCS GOpMYIaMu:

Y12 = €1 — &2, (4.46)
Y23 = &€ — &3, (4.47)
Y31 = 83 - 81. 448)

CyMMa IIaBHBIX CIBHIOB:
Y1z + Y23 V31 =0. (4.49)

4.6. Oxtayapuyeckue aedopManu 1 MHTEHCUBHOCTD Aedopmanmii

B mnomankax, paBHOHAKJIOHEHHBIX K TJIABHBIM OCsM (MX elie
Ha3bIBAIOT OKTA3JPUYCCKUMH WM JE€BUATOPHBIMH IUIOIIAIKAMH),
BO3HUKAIOT OKTadJpudecKue JehopMaIlim.

YTIIbl HaKIJIOHA THX TUIOMIAI0K HAXOAATCS U3 ypaBHeHUi (3.52)
u (3.53).

Takux IIOMAMOK YeThIpe, C YETHIPhMS WM MapauieTbHBIMU
OHH 00pa3yrOT reoMeTpHUECKYI0 purypy — okrasap (puc. 3.7).

Onpenenum nedopmariv, IeHCTBYIONINE HA OKTadAPHUYECKUX
TUTOMIAIKAX.

Juneitnaa okmalopuueckasn oepopmayusa paBHa cCpeHen ne-
dhopmarum.

i ynpyroro cocTosiHUSL:
€ = Ecp = @ = A, (4.50)
rae A — o0beMHOE pacHIMpeHue Ui Tella, HaXOIIIerocs B YIIPYroM
COCTOSTHUH.
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,Z[Hi[ IJIACTUYCCKOT'O COCTOSAHMUA:

€1+€Er+E3

25—, (4.51)

€ = Scp =

Tak kak €1+€1+€1=0 U3 yCIOBUS TOCTOSHCTBA 00BEMA.
Oxmajlopuueckasa depopmayus coeuea MU OKTASAPUUCCKUN
CABUT MOYKHO OTIPEACIUTH U3 TAKOTO BBIPAKCHUS:

2
Yo =5v/(e1 —€2)% + (g2 — £3)% + (g3 — £1)2. (4.52)

Ompeaenum aeBuaTop aehopMaIiHii;
D, =T, — T3 (4.53)

[loncraBuB B BEIpaxenue (4.53) 3HaUEeHHE MIAPOBOTO TEH30pa
u3 ypaBHeHUs (4.44), momyqanm:

1 1
I(Sx - 8cp) Eny Esz
1 1
D = 5 Yyx (Sy - SCP) 2 Vyz (4.54)
1 1
EYzy EYzy (SZ - scp)

3anuieM MHBapUaHTHI JeBHaTopa aAedopManuii Al yupyrux u
IUTACTHYECKUX COCTOSIHUH.
[lepBblil UHBapHUAHT:

Loey = (ex —&cp) + () — €cp) + (22 — €p) = 0. (4.55)

Bropoii nHBapuaHT:
1 2 2
12(Ds) = _g [(ex — Ey) + (Ey —&,)" +
3
+(EZ - Ex)z + 2 (Y?cy + Y32/z + Ygx)]- (4-56)
TpeTuil UHBapHaHT:
1
I3(Ds) = ExEyEy + 2 (nyszsz - SxY§lz - Syygx - SZYchy)' (457)

Humencusnocmvio Oeghopmayuii Ha3bpIBa€TCS BEIMYUHA, IMPO-
NOPLMOHAJTbHAS KBaPAaTHOMY KOPHIO U3 BTOPOT0 MHBAapHUAHTAa JEBHA-
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Topa nedopmanuii. MHTEeHCUBHOCTH IMHEWHBIX IedopManuii (IpuBe-
JeHHas nedopMalus) onpeaeseTcs U3 ypaBHEHHsL:

g = Ellz(Ds)| = % |20 (4.58)

MHTEeHCHBHOCT YTIIOBBIX nAedopmaruii (medopmarust CIBuTa)

paBHa:
r=2 /|12(D8)|. (4.59)

IToacraBum B ypaBHerue (4.58) 3HadeHre BTOPOro HHBApHAHTA
JeBuatopa aedopmanuit u3 ypaBHenus (4.56), monyduM BbIpaKeHHE
JUTSL OTIPEICTICHUSL:

& = g\/(ex - Ey)z + (Ey - Ez)2 + (Ez - Ex)z +§(Y92cy + Yf/z + Ygx) (4-60)
OnpeneniM BeTMUNHY € Yepe3 TIIaBHBIE JIMHEHHBIE e OpMaIlHH:
e =2 er—e)? + (62 — 8502 + (63 —en)?.  (461)
Jns nnactudeckoi neopManiy ¢ y4ETOM YCIIOBHS MOCTOSIH-
cTBa 00beMa (HEC)KMMAeMOCTH) MOYKHO 3aITHCATh.
& = &t &y (4.62)
Torma ypaBHeHHe, ONpeeNnsioniee MHTEHCUBHOCTH Aedopma-
[IUU CIIBUTA, TPUMET BUJI:

1
= \/8,2( +exey + €5 + Z(y,%y +Y5, +Y5).  (4.63)

3anuiieM vacTHble ciydan ypaBHeHus (4.63). [ns miockoro
Je(hOPMUPOBAHHOTO COCTOSIHUS OYJIEM MMETh:
& = &y, & =Yx= Yy = 0. (4.64)
Torma mocie moAcTaHOBKU B ypaBHeHue (4.63) 3HaueHWid U3
ypaBHeHus (4.64) moaydrM 9acTo WCIONB3YEeMOE TIPH PEIIEHUY 3a1aY
BBIpaXCHHE, ONPEIEIISAIOIIee HHTCHCUBHOCTD Je()OpMaIliy C/IBHTa:

=4 =v3,. (4.65)

st yncroro ciBura:
&=g=&=0; vy=v: Y=vx=0. (4.66)
[Tocne nojcraHoBKH B ypaBHeHue (4.63) 3HaUCHHUH W3 ypaBHe-
Hus (4.66) nomyumnm:

g = (4.67)

X
NG
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CpaBuuB BoipaxkeHus (4.65) u (4.67), MOXKHO clienath BBIBOJ O
TOM, YTO MHTEHCHBHOCTb YTJIOBBIX Ae(opMaruii cABUra COBNAAAET C
BEJIMYMHOW HAaHOOJbIEH yTrIoBOH AeopMaLlui IPH YHCTOM CIIBUTE:
r=y. (4.68)
Heo6xomnmMo OTMETHTH, YTO HHTEHCHBHOCTH JIMHEHHBIX Jie-
dopmanuii (g) u uHTeHCHBHOCTE Aedopmannu casura (I) SBISIOTCS
CKaJIIPHBIMH BETHIHHAMM.

4.7. YcaoBue HeCKHMaeMoCTH (YCJIOBHE OCTOSIHCTBA 00beMa)

VYcnoBue HeCkuMaeMocTH (YCIOBUE MOCTOSHCTBA 00beMa) Co-
CTOHT B TOM, 4TO 00BEM Telsa JI0 IUIACTUYECKON IedopManny paBeH
ero o0beMy Ioclie MIacTUIecKo aedopManuu.

OmnpenenyM ycloBUEe M3MEHEHHs o0bema sl Teja, KOTOpoe
nMmeeT 6eckoHeuHo Majbie pasmepsl dX, dy, dz. Ero oobsem 10 aedop-
MaIH onpeselsieM o hopmylie:

dV = dxdydz. (4.69)

INocne nedopmariyiu NPOU30ILIO U3MEHEHUE BEJTUYHMHBI JIMHCH-
HBIX JIEMEHTOB, TOTJIa 00BEM TeJIa MOXKHO OTIPENIENUTh 110 GopMmyIie:

dV' = dxdydz'. (4.70)

Wnu B pazsepuyTom Bujie popmyina (4.70) npuHUMaeT BUIL:

dV' = (L+e)dx(1+e,)dy(1+e;)dz. (4.71)
OTHOCUTENbHOE HM3MEHEHHE 00beMa MOXHO OIPEICIHTh I10
dhopmyme:
_dv'-av  dv'-av
av av

A —1. (4.72)

[oacraBuB B ypaBHeHue (4.72) 3HaueHus u3 ypaBHeHui (4.69)
u (4.71), nomyunm:
A = (1+&)(1+ey)(1+e,)dz — 1. (4.73)

Packpoum ckoOku u mpeodpasyem ypaBHenue (4.73). Ilpene-
6pera51 BCJIIMYMHAMU BBICIIECTO ITOPpsJKa MAJIOCTHU, IOJYYHUM YpaBHE-

68



HHUE, KOTOpPOE MOXKET OMHUCHIBaTh 00bEMHOE paclIMpeHue Teja, Haxo-
JSIILErocst B yIIPYrOM COCTOSIHUHM:
A = gteyte;. (4.74)

B nanHOM citygae 00beMHOE pacIIMpeHue IS Tela, HaX o sIe-
rocsi B ynpyrom coctossuuu (A), Oyaer comzmepumo ¢ ero aedopma-
usAMH € (TIpU 3HAYEHUAX HHTEHCUBHOCTH nedopmanni << 0,2 %).

CootHouienue (4.74) — 310 yclOBHE UBMEHeHUsA 00bema npu
ynpyzoii oepopmavuu.

[Tpu nnactuyeckoil nedopManuy, BHI3BAHHOW HANPSHKEHUSIMU
0s > O; I3MEHEeHre 00beMa OECKOHETHO MaJIo TI0 CPAaBHEHHIO C pa3Me-
pamu Tena u ero aedopmarusmu (to ectb A—0). Takum oOpazom,
aeQopMUpyeMYIO Cpely B JaHHOM CIy4ae MOXKHO CUUTATh HEC)KUMa-
emoii. Torna Beipaxkenue (4.74) MOXKHO TIepenucaTh B BHIIE:

exteyte, = 0. (4.75)

Cootnomienune (4.75) — 3TO YCIIOBUE HECHCUMAEMOCMU ULU
Yenosue noCcmoancmea 06vema, BHIpaKeHHOE B AehopMaiusX.

VYcenosue Heckumaemoctd (V = const) mokaspIBaeT, 4To 00BeM
TeJla 0CTaeTcsl MOCTOSHHBIM B MpOIIecce TIACTUYECKO JedopMalun
U UCKJIIOYaeT BO3MOXXHOCTH IIOABJICHUE pAa3pblBOB U HapYILICHUs
CIUIOIIHOCTH.

4.8. Jlorapudmuueckue negopManiuu U cCMeleHHBIA 00beM

[Tpu aHanm3e MaibIX YHOPYroIUIACTHUECKUX AeQOopMalui KOIH-
YeCTBEHHOH OlleHKOH Aedopmanuii siBisiercs: nokazamens Kowu vnu

OMHOCUMENbHASA TUHEUNHAA 0ehopMayus.

£= f—: (4.76)
rae Al — npupaiieHue JUTHHBI JIMHEWHOTo AyeMeHTa; lo — mepBoHa-
yaybHas AJTMHA JTUHEHHOTO 3JIEMEHTa.

K nenocraTkam nokaszatenss Komm MOXHO OTHECTH TO, UTO OH
HEJOCTATOYHO TOYHO OTPAKAET CMBICT KOHEYHBIX (TUTACTHYECKHX)
nedopManuif, Tak Kak He 00JIagaeT CBOMCTBOM aJTUTHBHOCTH, TO
€CTh 3HAYCHHE BEIUYMHBI JiehopMaIii, COOTBETCTBYIONIECH LEIOMY
00beMy, HE paBHO CyMM€ 3HaY€HHUH BEIMYMH, COOTBETCTBYIOLIUX €r0
OTJIEITBHBIM YacTsIM.
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[Ipu ompeneneHrH KOHEYHBIX AedopMaruii KOMTUYECTBEHHON
OLICHKOW SIBJISIETCSl noKazamens I'enku Wi nozapugmuueckasn oOe-

dopmayus:
§=1n(2), (4.77)
Ly

rae Ly — nnvna iMHeiHoro pasmepa nocie negopmanyu; L, — aivna
JTUHEWHOTO pazMepa 10 Aedopmannu.

Hnst aToro paccMotrpuMm nedopMaIfio Mmapaviesienunena co
CTOpPOHAMHU:

Xy, Yy, Z,, — no nedopmanmy;

Xy, Yy, Zy — mocie nedopmarnmm;

W3 ycrmoBus mocTosHCTBA 00BEMa MPHU TUIACTHYECKOW nedop-
manuu (4.75) crenyer, 9To:

Xy YuZy = X,Y,Z,. (4.78)
[IpeoOpaszyem gaHHOE YpaBHEHHE B OTHOIICHUE:
Xo%9% — 4, (4.79)
XuYuZy,

[Tocne ero norapudMupoBaHUs IOITYYUM:

2 +In2+mZ =y, (4.80)
X Y, Z

u g u

X
Ecnu Mb1 0603Ha4MM lnX—g = §,, TO TIOTY4HM:
u

8 + 6, + 6, = 0. (4.81)

OTo emie oJHA 3allUCh YCIOBUS HEC)KMMAeMOCTH MarepHaia
(4.75), B naHHOM cityyae depe3 Jiorapudmuueckue nedopmariim.

CrnieioBaTeNIbHO, MOXKHO CKa3aTh, YTO Jjorapudmuueckas je-
(dhopMarus — 3TO UHTErpajl OECKOHSYHO MaJIOTO MPHUPAIICHUS JAaHHOTO
pasMmepa Tela WIH €ro 3JeMEHTa, OTHECEHHOTO0 K €ro BEIMYWHE B
KKIbIH TaHHBIA MOMEHT Je(hOpMaIiH.

UTo MOXHO 3aIucaTh CIEIYIONUM 00pa3oM:

Xg %

8 = [0 °%=Inx f;‘f = lni—i. (4.82)
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W3 BBIIECKA3aHHOTO MOXHO CJC/aTh BBIBOZBI, YTO MPH IIjIa-
CTHUYECKOH JtehopMaIuu:

— anreOpanyeckas cymMMma JIOTApUPMHUYESCKUX HIH HCTHHHBIX
CTerneHe# aeopMaIii Mo TPEM B3aWMHO NapayljiebHBIM HampaBie-
HUSIM PaBHA HYITIO (YCIIOBHE HECKMUMAEMOCTH);

- OJHa W3 JIOTapUPMHUYECKHUX cTeneHedl medopmanuii uMeeT
3HAK, MPOTHUBOIOJIOMXHBIA JBYM APYTHM, a TI0 a0CONIOTHOW BEITHYWHE
paBHa UX CyMMe.

OnpenenuM CBsI3b MEXKJy OTHOCHUTEIBHBIMH JINHEWHBIMU H JIO-
rapupmudeckumu aedopmarusamMu. OTHOCUTENBHBIC JIMHEHHBIC Jie-
(dbopMany MOKHO ONIPEIEITUTh U3 CICIYIONIUX COOTHOIICHU:

_ Xg—Xy Ax Ay Az

By == &=y = (4.83)

Xux, Xu Yy
VCTaHOBUM CBSI3b MEXIYy OTHOCHTENBHBIMH W JIorapudgMuye-

cKuMU AeopManusIMu:

X
8, =lnX—g=ln

u u

Xu+Ax

=In(1+ f{—z) =In(1+¢g,). (4.84)
Ilony4yeHHOE BBIpa)KEHHUE PA3JI0KUM B CTEIIEHHOM P
€2 g5 &%
Sy =In(l+e) =g ——+F—=+. (485
Tak kak €, < 1, TO psAI CXOMSIIUIACS.
Torna B Beipaxenun (4.85) oTOpOCHM Bce 4lieHBI, KPOME TIep-
BOT'0 MOPSIZIKA MaJIOCTH, TIOITY4UM:
[ (4.86)
MOXHO OTMETUTb, YTO HPU MAaIbIX CTEHEHAX Ae(opMaruii
(xorma € < 0,1) pa3HHUIlAa MEXIAY OTHOCHUTEIBHBIMHU H JIOTapupmMude-
CKUMHU JeopMaIisiMi He TpeBbiaet 5 %.
PaccmoTpuM moHsATHE «cmewjenHwlit 00vem». [l 3TOTO
YMHOXHM Bce 4iIeHbI BeipaxkeHuii (4.81) u (4.75) Ha o0beM nedopmu-
pyemoro tena. [lomyunm:

V8, +V6,+Vs, =0, (4.87)
Ve, + Ve, + Ve, = 0. (4.88)
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O603uaunM «Voy» gepes V.
BBegennoe obo3nauenue Ve ABISETCS CMEIMIEHHBIM OOBEMOM,
TOTJ]a MBI MOKEM 3aIKCcaTh BeIpakeHue (4.87) B CIIEAyIONIEM BHIE:

Vex+ Vey+ Vez = 0. (489)

Takum 00pa3oM, MONyYeHa eIle OJHA 3alKCh YCIOBHS MOCTO-
SHCTBA 00BeMa, KOTopoe (OpPMYTHpYETCs CIEAYIOUMM 00pa3oM:
CyMMa CMEWeHHbIX 00BbeKmo8 MO MpeM 63AUMHO NAPALIETbHbIM
Hanpasienusm pasra HyJuo.

4.9. Cxopoctu aedopmManuii U JUHHU TOKA

B mporniecce nedopmariim paccTOSIHAS MEXITy TOUYKaMu nedop-
MHPYEMOr0 Tella MOCTOSHHO H3MeHsTca. CKkopocTs aedopmaruu
TeM Oonblie, 4eM ObIcTpee U3MEHSIOTCS JaHHBIE PACCTOSHHS MEXKIY
ToukaMu nedopmupyemoro tena. CKOpOCTH MepeMEnIeHus] TOUYeK SIB-
JSIFOTCSI HENPEPBIBHBIME (PYHKIMSMU KOOPJHHATHI BpeMeHH. Onpee-
JIUM KOMIIOHEHTBI JTHHEWHBIX CKOpOCTeP'I NepeMEeIiCHUuA TOYECK B J€-

KapTOBOM CUCTEME KOOPAHHAT yPaBHEHUSIMHU!

ux = (px(x;yyzy t)
Uy = @z(x,5,2,t)
B Teopun ManbIX ynpyromacTHIecKux AeopMamnii CKOpoCcTH

MepeMeIeHns TOYEK OMpPEAENSIOTCS uepe3 MpHUpalleHnus MepeMerie-

HUI 110 BpEMEHHU:

L ury
Ux = ¢
auy
= 4.91
uy =— (4.91)
. _auzJ
Uz = %¢
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Ckopoctu nedopmaruii mo KakKuM-T100 KOOpIUHATAM OTIpee-
JISIFOTCS Yepe3 CKOPOCTH MEPEMEIEHHS dTUX TOYEK:

_ 09Uy . __9U, , 0U,
Ex = x Yy = oy ox
U auy | au (4.92)
_ 99y, _99% , 9Y, .
&y = ay ’ Yyz 0z + oy
_au, . _9U, | 9U,
&2 = %, Yzx = 55 0z

VYuurteiBas ypaBuerus (4.91), hopmyst (4.92) MoxHO mepemnu-
caTh B CJIEAYIONIEM BHJIE:

. 0Ey, . Ovxy

=0 Yoy =0

£ = 98y, . Ovyz (4.93)
Yy oot Yz T gt

. _ 0&; . _ 6ysz

& =% Yzx = 75

CrnenoBaresibHO, KOMIIOHEHTBI CKOPOCTH Je(opMaiiuyd paBHBI
IIPOU3BOJHBIM CKOPOCTEHN MEPEMELICHUM IO COOTBETCTBYIOLIEN KOOP-
nuHate (4.92) unu npou3BOJHBIM KOMIIOHEHT JedopMamuii o Bpe-
menn (4.93).

KomnoneHTsl ckopocTel nedopmanuii, Tak ke KaKk U KOMIIO-
HEHTHI AeopMaiuii, MO>XKHO 3alicaTh B BUJE TEH30Da:

) 1. 1.
€x EYXY E}’xz

1 7 1 7 ¢
57zx  FYXY Z
2 2
YpaBHEHUE N7 ONPEJENEHUS TIAaBHBIX CKOPOCTEN JIMHEWHBIX
nedopmaruit (OTHOCUTEIBHBIX YIJTHHEHUH) MIMEET BUJI:
f—;3 — |1éé2 + I2éé_ I3é =0,

rae |y, lps, 13z — MHBapUAHTBI TEH30pa KOMIIOHEHT CKOpPOCTEH Je-

(opManmu aHaIOTMYHBI MHBapUaHTaM TeH3opa aepopmarmii (4.40)—
(4.42).
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YcnoBue MOCTOSHCTBA O00OBbeMa TPH IUIACTHYECKOW aedopma-
[IUH, BBIPAXEHHOE B CKOPOCTAX JedOpMaIliH, OTpEeneisieTcs Ciexy-
IOII[UM YPaBHCHUEM:
éx +éY +éz =0

NnIIn
dux  ouy oy
x oy ta Y

3amuchiBaeTCst B MHACKcHOi dopme kak divlipy =0 u HasbBaeTcs

JIUBEPTeHIEH BEKTOPHOTO MOJIS.

JIBM>KeHHE CIUIOIIHOM cpelbl B OOIIEM BUE OMHUCHIBACTCS Jil-
HUAMU MOKa.

JluHum TOKa — 3TO KpPUBBIE JIMHUM, B KaXJOU TOYKE KOTOPOH
KacaTeJIbHbIE B Ka)XK/Iblii MOMEHT BpEMEHH COBMAJAIOT C HalpaBJICHU-
€M TOJHOTO BEKTOpa CKOPOCTH MEPEMEILCHUS.

Ecnn mponecc cTannoHapeH, TO 3TH KPUBBIE JIMHUU SIBISIOTCS
TPaeKTOPHUSIMH JBUKCHHUS.
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5. MPEJEJBbHBIE HANTIPAKEHHBIE COCTOSIHU S

Kpurepuii, KOTOpBIii ONpeAemnseT YCIOBHs, HEOOXOAUMBIE s
BO3HMKHOBEHHUS TUIACTHYHOHN AedopManuyu NpU CIOKHOM HAIPIKEH-
HOM COCTOSIHWH, Ha3bIBacTCs ycaosuem naacmuunocmu [1, 2, 5-9,
11, 16, 17].

Tak xak HampspKEHHOE COCTOSIHME Tella, HAaXOMsIIerocs B Iia-
CTHYECKOM COCTOSIHHH, OIIMCBIBACTCS JEBHATOPOM HAIPSHKECHHUN
(3.14), To kpuTepueM rnepexoja €ro U3 ynpyroro COCTOSHHS B IUIa-
CTHYECKOE JOJDKHBI SIBIISITHCS XapaKTEPUCTHKU JIEBUATOpPA HAIpsKeE-
Hull. MaremaTHueckoe omucaHue (pU3MUEecKoro mpoiecca mnepexoja
U3 YIPYTOro COCTOSHUS B MJIACTUYECKOE HE JOJKHO OBITH CBS3aHO C
BBIOOpPOM cHcTeMbl KoopauHar. CrenoBaTeabHO, JOJDKHO Ompere-
JATHCS. MHBAapUAHTaMU JeBHATOpa HaNpsHkeHWH. TakuM WHBapUaHTOM
SIBJISIETCSI BTOPOY MHBAPUAHT JAEBUATOPA HAIIPSKCHUMN:

|2(TG) = (Gx - ch) (Gy - ch) + (Gy - ch) (Gz - ch) +
+(Gz - ch) (Gx - ch) - Tazcy - Tflz - Tgx- (5-1)

5.1. YcaoBue miaactuunocTu I'ydepa-Museca

OnmHUM U3 YCIOBHUil SBJISIETCS yCIOBHE IUIacTUYHOCTH ['yOepa-
Mmu3eca, KOTOpOe OnpeneseTcsi Yepe3 BTOpOi MHBApHAHT JIeBUATOPA
HanpspkeHui (5.1). OHo dopMynupyeTcs ClIeAyIOINUM 00pa3oM: «Iio-
0as dJeMeHTapHas YacTHIA METAUIMYECKOro Tella IEpeXOIuT W3
YIIPYroro COCTOSIHUS B IUIACTHYECKOE B TOT MOMEHT, KOTJIa MHTEH-
CHBHOCTb HAIPSDKCHUI JOCTUTACT BEJIMYMHBI, PAaBHOH HANPSDKEHUIO
TEKY4eCTH MPU OJJHOOCHOM ILTACTHYECKOM HAIPSDKEHHOM COCTOSHUM,
COOTBETCTBYIOIIEM TEMIIEPATYPHO-CKOPOCTHBIM YCIOBUSM Jie(hOpMH-
POBaHUsI U CTENeHH JIehOpMALTTI».

MaremMaTrueckoe BbIpaXKEHUE YCIOBHS TIacCTHYHOCTH ['yOepa-
Mmu3seca 3amuchIBaeTCs CIEIYIOMNM 00pa3oM 4epe3 MHTEHCHBHOCTD
Hanpspkenuii (3.20):

0 = %\/(ox - Gy)z + (o - 02)2 + (0, — 0,2 +6(T%) + % + 1) = 0, (5.2)
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Bripazum ycnoBue mnactuuHoctH ['yOepa-Museca yepe3 uH-
TEHCUBHOCTH KacaTelbHbIX HanpspkeHui (3.19):

1 2 2
= - _ —g.)2 2 4.2 1.2 =
T= \/—g\/(cx oy) + (oy 0;) + (0, - 0,)* + 6(‘txy +1, + ryz) =0,.(5.3)
Tak Kak MHTEHCHBHOCTH KacaTENIbHBIX HAMPSHKCHHUN CBS3aHA C
MHTEHCHBHOCTBIO HANPSDKCHHH BUIA:

_o
T=2L, (5.4)
TO MbI MOXXEM 3aIlucaThb, 4TO:
1
T=%o.. (5.5)

Hannas BenmunHa (5.5) o6o3HaugaeTcs depe3 K, KoTopast Ha3bI-
BACTCSA HOCHOAHHOU HAACHUYHOCIU.
K =0,5756, — no ycnosuto mactuanocta ['ybepa-Museca.

5.2. YenoBue mnactuuHoctu Tpecka-Cen-Benana-JleBu

IIpeanocbUIKOM 3TOr0 YCIOBHS SBISETCS MOSBICHUE JIMHUNA
CKOJIB)KEHUSI Ha MOBEPXHOCTH IUIACTHYECKH NeQOpPMUPYEMOro Teina,
TaK KaK JIMHUM CKOJBXEHUS — TPACKTOPHH MAKCHUMAJIbHBIX IJIABHBIX
KacaTeJIbHbBIX HAIIPSDKEHUH.

VYcenosue mnactuuHoct Tpecka-Cen-Benana-Jlesn win ycio-
BHE MAaKCHMAJIbHBIX TJIABHBIX KacaTeJIbHBIX HANPsDKEHUH GopMyIHpy-
eTcsl CIIEAYIOIUM 00pa3oM: «IiacTudeckas neopMarisi NosBIsEeTCs
B TOT MOMEHT, KOTJa HauOoJjbllee N3MEHEHHE IIIaBHBIX KacaTeJIbHbBIX
HaNpsDKEHUH JTOCTUraeT HEKOTOPOHW BEJIMYHMHBI, 3aBUCSIIEH OT
CBOWCTB J1e()OPMHUPYEMOT0 MaTepHaay.

Marematndeckoe BhIpaKEHHE JaHHOTO YCJIOBUS MJIACTUYHOCTH
3aMyCchIBaeTCA B BUJE:

Tmax = T13 = £0,5(01 — 63) = Ts, (5.6)
IJIe Ts — IpeJieJ TeKY4eCTH MaTepHuaja Ha CIBUI.

IIpenen TexydecTH MaTepuana Ha CABHT MOXKHO ONPEIENNUTh

yepes IpeieN TeKydecTd MaTepuaa;

Ts = 0,50T. (5.7)
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HMannas Benuunna (5.7) Takke ob6o3Havaetcs uepes K v Hasbl-
BaCTCSA HOCMOAHHOU HIACMUYHOCHU.
K =0,56; — no ycnosuto Tpecka-Cen-Benana-JleBu.

5.3. JHepreTuyeckoe ycJioBue MIaCTUYHOCTH

DHEPreTU4ecKoe YCIOBHE TUIACTUYHOCTH (DOpPMYIHpYeTCs Clie-
OYIOUMM 00pa3oM: «Iepexos AeopMUPYyeMOoro Tejla B MIaCTHIECKOe
COCTOSTHHE TPOUCXOJUT HE3aBUCUMO OT XapakKTepa HaNpsHKEHHOTO
COCTOsIHMA B TOT MOMEHT, KOrga NOTCHIMAJIbHAasA SHCPIUsa q)OpMOI/IS-
MEHEHMsI, OTHECEHHAs! K eMHUIIE 00beMa, JOCTUTHET HEKOTOPOil Be-
JIMYUHBI, 3aBUCSIIEH TOJIBKO OT MEXaHHMUYECKHX CBOMCTB aedopMupy-
€MOro TeJay.

[epenumem ycnosue miactuanoctu ['yoepa-Mmuseca (5.2) ue-
PE3 I'NIaBHBIC HAIIPSXKCHUA

1
0; = TE\/(01 —03)%2 + (0, —03)2+ (03— 07)? =0,. (5.8)
Bripaxenue (5.8) Bo3BeZieM B KBaJipaT U MOITYIHM:

(01— 02)* + (0, —03)* + (03 — 01)* = 20%. (5.9)

OmnpezpenyM MOJNHYIO NOTEHUMAIBHYIO 3HEPrUIO YNPYro [e-
dhopmarmu:

AH:A0+ A(b, (510)

rae Ao, — NOTEHIMANbHAs SHEPTUsl U3MEHEHUs 00beMa; Ay — MOTCHIH-
aJbHAas SHEPTHs U3MEHEHUs! (POPMBI.

Kak u3BecTHO M3 TEOpUH yNPYrOCTH, yaelibHas MOTeHIUaIbHAs
SHEprus AeQopMalyy, TO €CTb HEPTHsl, OTHECEHHAs K €AMHHULE 00b-
€Ma, paBHa IIOJIOBUHE CKAJIIPHOTO NPOU3BEACHUS TEH30pa HaIpsKe-
HUI Ha TeH30p JedOopMaIuii.

[lepeMHOXHM TEH30p HaNpsHKEHWH B TIaBHBIX ocax (3.12) u
TeH30p JedopMalvii B IrIaBHBIX ocsX (4.38), moiyynm ciemyromiee
BBIpaKCHHE!

An = 0,5(0181 + 0262 + G3€3). (5.11)
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CornacHo 00001eHHOMY 3aKkoHY ['yKa, cBsi3b Mexny nedopma-
[USIMH M HATIPSDKCHUSME UMEET BHI:

€y = %[0-2 - V(O-3 + 0-1) (512)

€ = %[01 —v(oy + 03)] )
3

£3 = = [03 — V(01 + 62)])

W3 nonyuenHoli cuctemsl (5.12) moacTaBuM 3HaUCHUS TIIABHBIX
nedopmaruii B popmyiry (5.11), momydnm:

A= 21_5{01 [0, = v(0, + 03) + 03[0, = v(03 + 01) + 03[03 = V(0 + 0,)}. (5.13)

IIpeoOpazosar Gopmyiy (5.13), MoTyduM BBIpAKESHUE IS OIIPE-
JIeTICHUS TIOJTHOW MOTEHIIMAILHOM SHEPIHU YIpYToi Aedopmaruu:

A= % [(o‘% + o'% + 0'%) - 21/(0'10'2 + 0,03 + 0'30'1)]- (5.14)

s onpeneneHus ynpyroi aedopmanuyd M3MEHEHUs o0bema
MEPEMHOXKUM IIapoBbIe TeH30phl HampspkeHuid (popmyna (3.13)) u
nedopmaruii (hopmyna (4.44)). [omyamm:

1 3
Ao= 7 (chscp + OcpEep + chscp) = S OcpEcp- (5.15)

BMmecto cpeaHero HampspkeHHMsl M CpelHel aedopmanuu B
dopmyny (5.15) nmoxcraBum ux 3HaueHus u3 dpopmyn (3.18) u (4.45).
CJI0KUB TIpaBbie U JieBble 4acTu cuctemsl (5.12), moaydnm:

Eop= %{[01 —-v(0, + 03) + [0, — V(03 + 01) + [03 — V(01 + 0,)}. (5.16)
[Mpeobpazosas BeipaxkeHue (5.16), momyuum:
Ep= é [01 + 05 + 03 —2v(01 + 0, + 03)]. (5.17)
U3 dpopmymnsl (5.17) nomaydeHHoe 3HaUeHHE cpenHeil nedopma-
IIUH, TIOJICTABUB B BeIpaxkeHue (5.15), mpuBegeM K BUIY:
Ao= é [(01 + 05 + 03)% — 2v(0y + 0, + 03)?]. (5.18)
U3 popmymnsl (5.10) BeIpa3uM NOTEHUUAIBHYIO YHEPTHIO H3Me-

HEHUs HOPMBIL:
Ay = An — Ao. (5.19)
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IloxcraBuM B Hee mosrydeHHBbIE 3HaYeHUS U3 Ghopmyi (5.14) u
(5.18), Toraa Beipaxkenue (5.19) mocie npeodpa3zoBaHull TPUMET BUI;
Ay= 16+—Ev [(01 — 02)% + (02 — 03)* + (03 — 01)?].  (5.20)

CpasuuB nonyudennyio ¢dopmyny (5.20) ¢ Beipaxkenuem (5.9),
MOKEM TepeNnucaTh €€ B CICAYIOLIEM BHIC:

Ap= %20% = const. (5.21)

Ha ocHoBanmm momyuernoit gopmynsl (5.21) sHeprerudeckoe
YCIIOBUE TUIACTHYHOCTH MOXKHO C(POPMYJIMPOBATH CIEIYHOIIUM 00pa-
30M: «KOJIMYECTBO YJIEJIbHOW MOTEHIMAIbHON SHEPTUM YNPYTOW Jie-
¢dopmarn GopMBI dNIEMEHTa METAILTHYECKOTO Teja MPH ero IJIacTh-
yecKor nedopMaruu sSBIseTcs Ui JaHHBIX YCIIOBUH aedopmupoBa-
HUs (CTENEHHU, CKOPOCTH, TEMIIEPaTyphl) BEIMYWHON MOCTOSHHOM,
HE3aBUCUMOM OT CXEMBbI HAIIPSDKEHHOTO COCTOSTHUSD.

5.4. Teopun npoYHOCTH

OcHogHble nousamus 0 npedeibHoM cocmosiHuu. Teopun mpod-
HOCTH HCITOJIB3YIOTCS ISl OIIEHKH MPOYHOCTHA KOHCTPYKIUH B ciTydae
TUIOCKOTO U OOBEMHOTO HANpsHKEHHOTO cocTosHusA. HampspkeHHoe
COCTOSIHUE Tejla B OOIIEM CiTydae OMMCHIBAETCS TEH30POM HarmpsiKe-
Huii (3.11), B KOTOPOM IIECTh HE3aBUCHMBIX BennuuH [3, 17].

Ilon mpenenbHBIM OMACHBIM COCTOSIHHEM ITOHUMAETCS TaKoe
COCTOSTHHE, TpPHU KOTOPOM IPOHMCXOJUT KaueCTBEHHOE H3MEHEHHE
CBOICTB MaTepuaia, TO €CTh IepPexo]l OT OJHOTO MEXaHUYECKOTO CO-
CTOSIHUSA K Apyromy. JIJIs TUTaCTUYHBIX MaTEePHAaJOB MPEAEeTbHBIM CUH-
TaeTCs HAIPSHKEHHOE COCTOSIHHE, COOTBETCTBYIOIIEE BOSHUKHOBEHUIO
3aMETHBIX OCTAaTOYHBIX AedopMarmii, a s XPYINKOro mMarepuana —
TaKo€ COCTOSIHHME, MPH KOTOPOM HauWHAeTCs paspyiieHue. Tak Kak
npeAeNbHOe COCTOSIHUE MaTepHaja SBIAETCS HEIOIMyCTUMBIM, TO MPU
pacueTrax Ha IPOYHOCTH HCIIOJIB3YIOT MOHATHE «IOIMYCKAeMOE COCTO-
SHUE», OHO COOTBETCTBYET Harpyske, IOJIydyaeMOH MyTeM AeJIeHHUs
Harpy3KH, BBI3BIBAIOMICH MPEACIbHOE COCTOsTHHE Ha Koddduimert
3amaca MopoYHOCTH. Ecnm B IBYX HaIpsDKEHHBIX COCTOSHUSIX KO3(-
(bULMEeHTHI 3amaca MPOYHOCTH PaBHBI, TO TAKHE COCTOSHUS HA3bléa-
1omcesa pagHOONACHbLIMU.
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Jlis cpaBHEHUS Pa3UYHBIX HANpPSDKEHHBIX COCTOSIHUMN 3a 3Ta-
JOH (PKBUBAJICHT) MPHUHUMAIOT IPOCTOE pACTsDKEHHE (CKaTHe) ¢
TJIABHBIM ~ HAINPSDKCHHUEM, KOTOPOE HA3bIBACTCS OKBUBAJICHTHBIM
HANPSOKCHUEM (Oos). IKGUBAIEHMHOE HANPAMNCEHUEe — STO TAKOe
HanpsDKEHUE, KOTOpoe clielyeT cO3AaTh B PAacTSHYTOM oOpasle s
TOTO, YTOOBI €r0 HANPSHKEHHOE COCTOSHHE OBLIIO PaBHOOMACHBIM 3a-
JAaHHOMY HalpsHKCHHOMY COCTOSIHUIO.

Ecnu BMecTo miecT KOMIOHEHTOB HANpsHKEHUH paccMaTpH-
BaTh DKBUBAJICHTHBIC UM TPU TJIABHBIX HANPSDKCHHUS W HAUTH TaKYIO
WX KOMOHWHaIMI0, KOTopas Oblla OBl PaBHOOIIACHOW JIMHEHHOMY
HaNpsDKEHHOMY COCTOSTHHIO, TO TPH TJIABHBIX HOPMANBHBIX HApsDKe-
HUSI MOKHO 3aMCHHUTHh 3KBHBAJICHTHBIM MM HANPSIKCHUEM H YXKE €ro
CpaBHMBATh paBHOOMAacHbIM (puc. 5.1).

Gy JaMerums (pabrums

T

O'l G b [0.] umi Opppg

7

i

Puc. 5.1. Cxema npuBeAcHUS HAPSHKEHHOTO COCTOSIHUS
K SKBHBAJICHTHOMY

PacueTsl Ha MPOYHOCTH OTAETBHBIX CTEPXKHEH, 0aJOK W KOH-
CTPYKUMH OCHOBaHbI Ha OLIEHKE MPOYHOCTH MaTepuana B OMACHON
touke. Ilpu Takux pacuerax HanOOJbIINE HOPMAJIBHBIC, KACATEIbHBIC
WIN SKBUBAJICHTHBIE HANpsDKEHUS (B 3aBUCHMMOCTH OT BHJA HaIps-
JKEHHOT'O COCTOSIHUSI U NPUHATOM TEOpUU MPOYHOCTH) B OIACHOM Ce-
YEHWU M B ONIACHOH TOUYKE CPAaBHHBAIOTCS C JOMYCKAEMbIM HaIIpsKe-
HueM. Ecnu HambOospline pacueTHble HANpsDKEHHS HE NPEBBIIAIOT
JOITyCKaeMble HaNpsDKEHUsI, TO CUMTAETCs, YTO HaAJIeKallui 3amac
NPOYHOCTH KOHCTPYKIMHU 3TUM obecrnieunBaercs. Takoil crocob pac-
4yeTa Ha NPOYHOCTh HA3bIBAIOT paciemom no OOnycKaemvim Hanps-
JHCEHUAM.
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[Ipu pacuere Mo JOMyCKaeMbIM HAMPSHKEHUSIM OMACHBIM, WIH
MpEACIbHBIM, COCTOSIHUEM KOHCTPYKIIMU CUMTAETCA TAKOE €€ COCTOsI-
HUE, IPYU KOTOPOM HAWOOJIbIIIee HAMPSKCHUE XOTs Obl B OJHON TOUYKE
Marepuana KOHCTPYKIMU JOCTUTaeT OMAacHOW BEIMYMHBI — Mpeena
TEeKy4eCcTH ([ IJIACTHYHOTO MaTepuasa) WU BPEMEHHOI'O COIPO-
TUBJIEHUS (11 Xpynkoro matepuana). CocTossHHE BcEH OCTanbHOU
Macchl MaTeprasa BO BHUMaHUE HE PUHUMACTCSL.

Mexnay Tem, mpu HEPaBHOMEPHOM pACIpPEACIICHUU HAIpsKe-
HUM (HarpuMmep, Npy U3rude, KPyYeHUH) B CTATHYSCKU HEOIIPEIEIH-
MBIX KOHCTPYKIHSAX, W3TOTOBJICHHBIX M3 IUIACTHYHBIX MaTepHajoB,
MOSIBJICHUE MECTHBIX HAINpPSKEHUH, paBHBIX Mpeneny TEKy4decTH, B
OOJIBIIIMHCTBE CITyYaeB HE SABJISCTCS ONACHBIM I BCEH KOHCTPYKIIHH.
[IpakTrka mOKa3bIBAET, YTO MPHU MOSBICHUH MECTHBIX IJIACTHYECKUX
nedopMaIiil KOHCTPYKIHS €IIE MOXKET YJIOBJICTBOPATH MPEIbABIISIC-
MbIM K HEW TpeOOBaHUSM, U U MEPEXo/ia e¢ B MpeaeabHOe COCTOsI-
Hue TpeOyeTcs AaibHEeiee Bo3pacTaHue Harpy3ku. Takum oOpa3om,
B JICCTBUTEIBHOCTH KOHCTPYKIIMS OOJaJaeT 3amacoM MPOYHOCTHU
OOJIBIINM, YEM TIPU pacyeTe MO JOMYCKACMbIM HANPSHKCHUSM.

B cBsi3u ¢ 3TUM HEAOCTATKOM METO/a pacdeTa Ha MPOYHOCTH T10
JIOTYCKAEMbIM HAIIPSDKEHUSIM BO3HHUKJIA HEOOXOJUMOCTh B HOBOM
MOJIX0JI€ K OIIEHKE MMPOYHOCTH KOHCTPYKINH. BT nipeanoxken memoo
pacuema KOHCMPYKYUIL RO NPEOEIbHOMY COCOAHUI).

Ilpedenvhoe cocmosanue KOHCMPYKYUU — TaKOe €e COCTOSHUE,
MpH KOTOPOM OHA TepSeT CIIOCOOHOCTH COIMPOTHUBIATHCS BHEIIHUM
BO3JICHCTBHUSAM WIJIM TEPECTAET YAOBJIETBOPSTH MPEIbSIBISIEMBIM 3KC-
TUTyaTallMOHHBIM TPEOOBaHUSM.

IIo0 npedenvnvim onacHvIM HANPANHCEHHBIM COCHLOAHUEM
MMOHUMAETCSl TAKOE, IPU KOTOPOM IMPOUCXOAUT KAaY€CTBEHHOE H3MeE-
HEHUE CBOMCTB MaTepHalia — MepPeXo]] OT OJHOI0 MEXaHUYECKOro COo-
CTOSIHUS K JPYTOMY.

Jns cpaBHEeHUS pa3IUYHBIX HAIMpPSHKEHHBIX COCTOSHUM 3a 3Ta-
JIOH (3KBUBAJICHT) MPUHATO MPOCTOE PACTSHKEHHE (CIKATHE) C TTIaBHBIM
HAIPSHKEHUEM G
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Kax 6p110 OTMEUEHO paHee, IKBUBAJCHTHOE HANPSIKEHUE Gy —
3TO TakOe HANpsDKEHHE, KOTOPOEe CIEAyeT CO3/1aTh B PACTSIHYTOM 00-
pasiie Uil TOro, YTOOBI €ro HampspKEHHOE COCTOSIHHME OBLIO PaBHO-
OMACHO 3aJJaHHOMY HaNpsKEHHOMY COCTOsiHMIO. Torma ycioBue
MIPOYHOCTH 3aIHCHIBACTCS B BUE:

G3KB<[G]- (522)

OcHnoenvie meopuu npounocmu. Teopun IPOYHOCTH IMPEICTaB-
JISIOT COOO0M THUMOTE3BI O KPUTEPHSX, OMPEACTISIONINX YCIOBHS Iepe-
X0/la MaTeprala B MpeAeIbHOe COCTOSTHHE.

B nepBo¥i Teopuu MPOYHOCTH 32 KPUTEPUIl NTepexo/ia MaTepuasa
B TIpeNeNIbHOE COCTOSHHE TPUHUMAETCS Hauboavuiee HOPpMAnbHOE
Hanpsaxcenue. COTTIACHO 3TOW TEOPHH, OMACHOE COCTOSHHE HACTYTIAET
TOTJIa, KOTrJja Kakoe-muOo0 M3 TNIABHBIX HAMPSHKEHUH TOCTUTAET OMAacHOTO
3HaueHHs. B cOOTBETCTBUU C 3TUM IpU pacueTrax Ha MPOYHOCTh OrPaHU-
YMBAETCSl BEIMYMHA HAWOOJNBINIMX TJIABHBIX HANPSDKEHHWH, KOTOpas He
JIOJDKHA TIPEBBIIIATH JOITYCKAeMOT0 HOPMAaJIBHOTO HANPSDKEHHUS [G].

YcioBue NpOYHOCTHA UMEET BUL!

GISKBS[G] y (5 23)
rae Gl = |o1), ecmu |o1> [03]; G'oxs = o3|, ecmu |o3> [o1].

Bo BTOpOIT TEOpUM NPOYHOCTH 332 KPUTEPUH IPUHUMACTCS
Haubonvwan oeghopmayun. CoriacHO dTOM TEOPHUH, OTTACHOE COCTO-
SHYE MaTepuaja HacTylaeT TOTJa, KOTAa JIMHEHHbIe JeopMaiud J10-
CTHUTaIOT HEKOTOPOTO OMACHOTO 3HAYEHHS.

Jns miacTYHOrO Matepuana ycluoBUe IPOYHOCTH UMEET BU!

|8max|§[8], (524)
_[a]
e [e] = -
Ecnu, Harmpumep:
femed = 1= (-2 ) (01— V(02 +03), (5.25)
E
TO TI0 BTOPOX TEOPHUH ITPOYHOCTH
olly =0, —v(o, +03) < [o]. (5.26)
Jlist Xxpynkoro MaTepuana ycloBHe MPOYHOCTH UMEET BUI:
[op ]
Emax S[Sp] = ? , (527)
&min <[] = [‘E] . (5.28)
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IlepBass Teopusi HaeT yOOBIETBOPUTEIBHOE COBIAICHUE C
ONBITHBIMU JAHHBIMH TOJNBKO Uil XpyRKux mamepuanos. Bropas
IPAaKTUYECKU B HACTOSIILEE BpeMs He IIPUMEHSIETCSI.

B Tperbeii TeopuM NPOYHOCTH 33 KPUTEPUH MPUHUMAETCS
Haubonbvuwee Kacamenvroe nanpsadycenue. COTIIACHO 3TOH TEOpUH,
OMaCHOE COCTOSHHE HAaCTyNaeT, €CIM HauOOJbIINE KacaTelIbHbIC
HapsKEHUs TOCTUTAI0T ONIACHOTO 3HAYEHUS.

YcnoBre npoYHOCTH UMEET BUA:

0,03

Tmax = 7, < [1], (5.29)

rae [t] = %.
Otkyna
olll =0, — 03 < [o]. (5.30)

YerpepTasi TeOpUs NPOYHOCTH — DHEPTETHUECKAs, IPEACTAB-
JsieT co0OM TUIIOTE3Y O TOM, YTO IPUYMHON BOZHUKHOBEHHSI OIIACHOTO
COCTOSTHMSI SBIISIETCSl BEIMYMHA YAEIBbHOW INMOTEHIMAIBHOW >HEPTHU
U3MEHEHUs (OPMBI Uy, TO €CTh KPUTEPUNA — yIeNIbHast IOTEHIHAIbHAS
SHEPrUsi U3MEHEHHSI (HOPMBI.

@opMynny yIOEIbHOM MOTEHUUANbHOW HHEPrUU HU3MEHEHHUS
¢dopMbl mosryuyuM u3 (HOPMYINbI TOJHOW YAENbHOH MOTEHIHMAIbHOM
sHepruu nedopmaruu (3.5), mojcTaBisAs 3HaYeHHE KO3 QUIIMEHTA
Ilyaccona, pasaoro v = 0,5.

[Momyuum

1+v
up ==, (01 + 0% + 03)? — 010, — 0,05 — 0,03. (5.31)

VYcnoBue NPOYHOCTH UMEET BU.

0y < [ug), (5.32)
1+v
rie [ud,] =<5 [o].
Otkyna

oty = /(6% + 0% + 02)2 — 6,0, — 0,03 — 6,05 < [0].  (5.33)

TpeTes u deTBepTas TEOPUU NMPOYHOCTH JAIOT YJIOBIETBOPHU-
TEIBHOE COBIAIEHUE PE3YIBTATOB TEOPETHYECKOTO PacyeTa C OIBIT-
HBIMHU JAHHBIMH JJIS ILUIACTUYHBIX MAaTE€PUAIOB U LIUPOKO IPUMEHS-
I0TCS TIPU pacyeTax Ha MPOYHOCTh. s XpyNKUX MaTepHanoB 3TH
TEOPUU HE IPUMEHUMBI.
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